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THE STABLE BERNSTEIN CENTER AND 
TEST FUNCTIONS FOR SHIMURA VARIETIES 

THOMAS J. HAINES 



Abstract. We elaborate the theory of the stable Bernstein center of a p-adic group G, 

j^"' and apply it to state a general conjecture on test functions for Shimura varieties due to 

the author and R. Kottwitz. This conjecture provides a framework by which one might 

pursue the Langlands-Kottwitz method in a very general situation: not necessarily PEL 

0^ . Shimura varieties with arbitrary level structure at p. We give a concrete reinterpretation 

of the test function conjecture in the context of parahoric level structure. We also use the 

stable Bernstein center to formulate some of the transfer conjectures (the "fundamental 

r^ ' lemmas") that would be needed if one attempts to use the test function conjecture to 

^M , express the local Hasse-Weil zeta function of a Shimura variety in terms of automorphic 

. ' L-functions. 
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1. Introduction 

The main purpose of this article is to give precise statements of some conjectures on test functions 
for Shimura varieties with bad reduction. 

In the Langlands-Kottwitz approach to studying the cohomology of a Shimura variety, one of 
the main steps is to identify a suitable test function that is "plugged into" the counting points 
formula that resembles the geometric side of the Arthur- Selberg trace formula. To be more precise, 
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2 T. Haines 

let {G,h~^,KPKp) denote Shimura data where p is a fixed rational prime such that the level- 
structure group factorizes as K^Kp C G(A^)G(Qp). This data gives rise to a quasi-projective 
variety Shx^ := Sh{G,h-^,KPKp) over a number field E C C. Let $p e Gal(Qp/Qp) denote 
a geometric Frobenius element. Then one seeks to prove a formula for the semi-simple Lefschetz 
number LeP'($;,S'/ii^ J 

(1.0.1) tv'%%,R:iShK,(^EQpM,))= E cijo-n,S)0^{lK.)TOse{'Pr), 

(7o;7,<5) 

(see ^6.11 for more details). 

The test function (jjr appearing here is the most interesting part of the formula. Experience 
has shown that we may often find a test function belonging to the center Z(G{Qpr),KpT) of the 
Hecke algebra H{G{Qpr), Kpr), in a way that is explicitly determined by the E-rational conjugacy 
class {/i} of 1-parameter subgroups of G associated to the Shimura data. In most PEL cases with 
good reduction, where Kp C G(Qp) is a hyperspecial maximal compact subgroup, this was done by 
Kottwitz (cf. e.g. ' Ko92a| ). When Kp is a parahoric subgroup of G(Qp) and when Gq is unramified, 
the Kottwitz conjecture predicts that we can take (j)r to be a power of p times the Bernstein function 
z_fi_ arising from the Bernstein isomorphism for the center Z{G{Qpr),Kpr) of the parahoric Hecke 
algehva HiGiQpr), Kpr) (see Conjecture [7X1 and gill)- 

In fact Kottwitz formulated (again, for unramified groups coming from Shimura data) a closely 
related conjecture concerning nearby cycles on Rapoport-Zink local models of Shimura varieties, 
which subsequently played an important role in the study of local models (Conjecture 17. 1.3)) . It also 
inspired important developments in the geometric Langlands program, e.g. [Ga ■ Both versions of 
Kottwitz' conjectures were later proved in several parahoric cases attached to linear or symplectic 
groups (see |HN02a[rH05| V In a recent breakthrough, Pappas and Zhu jPZ) defined group-theoretic 
versions of Rapoport-Zink local models for quite general groups, and proved in the unramified 
situations the analogue of Kottwitz' nearby cycles conjecture for them. These matters are discussed 
in more detail in sections [7] and [51 

Until around 2009 it was still not clear how one could describe the test functions (pr in all deeper 
level situations. In the spring of 2009 the author and Kottwitz formulated a conjecture predicting 
test functions 0^ for general level structure Kp. This is the test function conjecture. Conjecture 
16.1.11 It postulates that we may express cjjr in terms of a distribution Z e„j in the Bernstein center 






3(G(Qpr)) associated to a certain representation V_°'j (defined in (|6. 1.2^ *1 of the Langlands L-group 
J ,, ). Let d — dim(S'/iA' ). Then Conjecture 16.1.11 asserts that we may take 

0, =p'^''/2(Z .0. * Ik,,.) e Z{G{Qp.),Kp.) 



^-... 



the convolution of the distribution Z eqj with the characteristic function \k t of the subgroup 
Kpr . As shown in section [71 this specializes to the Kottwitz conjecture for parahoric subgroups in 
unramified groups. Conjecture 16.1.11 was subsequently proved for Drinfeld case Shimura varieties 
with ri(p)-level structure by the author and Rapoport |HRa| . and for modular curves and for 
Drinfeld case Shimura varieties with arbitrary level structure by Scholze [SchU ISch2) . 

The distributions in Coni ecture 16 . 1 . 1 1 are best seen as examples of a construction V -^ Zy which 
attaches to any algebraic representation V of the Langlands dual group ^G (for G any connected 
reductive group over any p-adic field F), an element Zy in the stable Bernstein center of G/F. 
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This article elaborates the theory of the stable Bernstein center, following the lead of Vogan |Vo| . The 
set of all infinitesimal characters, i.e. the set of all G-conjugacy classes of admissible homomorphisms 
A : Wf — )■ ^G (where Wp is the Weil group of the local field F), is given the structure of an affine 
algebraic variety over C, and the stable Bernstein center y^{G/F) is defined to be the ring of regular 
functions on this varietyo 

In order to describe the precise conjectural relation between the Bernstein and stable Bernstein 
centers of a p-adic group, it was necessary to formulate an enhancement LLC+ of the usual con- 
jectural local Langlands correspondence LLC for that group. Having this relation in hand, the 
construction V ~-^ Zy provides a supply of elements in the usual Bernstein center of G/F, which we 
call the geometric Bernstein center. 

It is for such distributions that one can formulate natural candidates for (Frobenius-twisted) 
endoscopic transfer, which we illustrate for standard endoscopy in Conjecture 16.2.21 and for stable 
base change in Conjecture 16.2.31 These form part of the cadre of "fundamental lemmas" that one 
would need to pursue the " pseudostabilization" of (jl.O.ip and thereby express the cohomology of 
SHk in terms of automorphic representations along the lines envisioned by Kottwitz [Ko90j but 
for places with arbitrary bad reduction. In the compact and non-endoscopic situations, we prove in 
Theorem l6.3.2l that the various Conjectures we have made yield an expression of the semi-simple local 
Hasse-Weil zeta function in terms of semi-simple automorphic L-functions. Earlier unconditional 
results in this direction, for nice PEL situations, were established in }H05j . [HRa] . |SchH[Sch2j . We 
stress that the framework here should not be limited to PEL Shimura varieties, but should work 
more generally. 

In recent work of Scholzc and Shin SS], the connection of the stable Bernstein center with 
Shimura varieties helped them to give nearly complete descriptions of the cohomology of many 
compact unitary Shimura varieties with bad reduction at p; they consider the "EL cases" where 
Gq is a product of Weil restrictions of general linear groups . It would be interesting to extend the 
connection to further examples. 

Returning to the original Kottwitz conjecture for parahoric level structure, Conjecture 16.1.11 in 
some sense subsumes it, since it makes sense for arbitrary level structure and without the hypothesis 
that Gq r- be unramified. However, Conjecture 16.1.11 has the drawback that it assumes LLC-I- for 
Gq r- ■ Further, it is still of interest to formulate the Kottwitz conjecture in the parahoric cases 
for arbitrary groups in a concrete way that can be checked (for example) by explicit comparison of 
test functions with nearby cycles. In section [7] we formulate the Kottwitz conjecture for general 
groups, making use of the transfer homomorphisms of the Appendix fTTJto determine test functions 
on arbitrary groups from test functions on their quasi-split inner forms. The definition of transfer 
homomorphisms requires a theory of Bernstein isomorphisms more general than what was heretofore 
available. Therefore, in the Appendix we establish these isomorphisms in complete generality in a 
nearly self-contained way, and also provide some related structure theory results that should be of 
independent interest. 

Here is an outline of the contents of this article. In ^we review the Bernstein center of a p-adic 
group, including the algebraic structure on the Bernstein variety of all supercuspidal supports. In fj4l 
we recall the conjectural local Langlands correspondence (LLC), and discuss additional desiderata 



The difference between our treatment and Vogan's is in the definition of the variety structure on the set of 
infinitesimal characters. 
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we need in our elaboration of the stable Bernstein center in SJ51 In particular in %^ we describe 
the enhancement (LLC+) which plays a significant role throughout the article, and explain why 
it holds for general linear groups in Remark 15.2.31 and Corollary 15.2.61 The distributions Zy are 
defined in i 35.7l and are used to formulate the test function conjecture, Conjecture 16. 1. 11 in §6.11 
In the rest of section [51 we describe the nearby cycles variant Conjecture 16.1.21 along with some 
of the endoscopic transfer conjectures needed for the " pseudostabilization" , and assuming these 
conjectures we prove in Theorem 16.3.21 the expected form of the semi-simple local Hasse-Weil zeta 
functions, in the compact and non-endoscopic cases. Section [7] gives a concrete reformulation of 
the test function conjecture in parahoric cases, recovering the Kottwitz conjecture and generalizing 
it to all groups using the material from the Appendix. The purpose of sections [8] and [9] is to list 
some of the available evidence for Conjectures 16.1.11 and 16.2.31 In i jlOl certain test functions are 
described very explicitly. Finally, the Appendix gives the treatment of Bernstein isomorphisms and 
the transfer homomorphisms, alluded to above. 

Acknowledgments. I am very grateful to Guy Henniart for supplying the proof of Proposition 
I5.2.5l and for allowing me to include his proof in this paper. I warmly thank Timo Richarz for sending 
me his unpublished article [Rij and for letting me quote a few of his results in Lemma 111.3.11 I am 
indebted to Brooks Roberts for proving Coniecture l5.2.2l for GSp(4) (see Remark l5.2.3|) . I thank my 
colleagues Jeffrey Adams and Niranjan Ramachandran for useful conversations. I also thank Robert 
Kottwitz for his influence on the ideas in this article and for his comments on a preliminary version. 
I thank Michael Rapoport for many stimulating conversations about test functions over the years. 
I am grateful to the referee for helpful suggestions and remarks. 

2. Notation 

If G is a connected reductive group over a p-adic field F, then D\{G) will denote the category of 
smooth representations of G{F) on C-vector spaces. We will write tt e 9^(G)irrcd or tt e Il{G/F) if 
TT is an irreducible object in yi{G). 

If G as above contains an i^-rational parabolic subgroup P with _F-Levi factor M and unipotent 
radical N, define the modulus function dp : M{F) -^ R>o by 

5p{m) = |det(Ad(m) ; Ue{N{F)))\F 

where | • Jf is the normalized absolute value on F. By 5p (m) we mean the positive square-root 
of the positive real number 5p{m). For a e d\{M), we frequently consider the normalized induced 
representation 

«p(ct) =Indp^j,j((5p' a). 

We let Is denote the characteristic function of a subset S of some ambient space. If S* C G, let 
9S = gSg-\ If / is a function on S, define the function sf on ^S by s/(-) = f{g-^ ■ g). 
Throughout the article we use the Weil form of the local or global Langlands L-group ^G. 

3. Review of the Bernstein center 

We shall give a brief synopsis of BD that is suitable for our purposes. Other useful references 
are [Be92] . [Ren], and [Roc] . 

The Bernstein center 3(G) of a p-adic group G is defined as the ring of endomorphisms of the 
identity functor on the category of smooth representations d\{G). It can also be realized as an algebra 
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of certain distributions, as the projective limit of the centers of the finite-level Hecke algebras, and 
as the ring of regular functions on a certain algebraic variety. We describe these in turn. 

3.1. Distributions. Wc start by defining the convolution algebra of distributions. 

We write G for the rational points of a connected reductive group over a p-adic field. Thus G is 
a totally disconnected locally compact Hausdorff topological group. Further G is unimodular; fix a 
Haar measure dx. Let G^{G) denote the set of C- valued compactly supported and locally constant 
functions on G. Let 7i{G, dx) ~ {C^{G), *dx), the convolution product *dx being defined using the 
Haar measure dx. 

A distribution is a C-linear map D : G^{G) -^ C. For each / e G'^iG) wc define / e C°"{G) by 
fix) = /(x-i) for X e G. We set 

D{f) ■■= D{f). 

We can convolve a distribution D with a function / e G^{G) and get a new function D*fe C°°{G), 
by setting 

iD*f)ig)=big-f), 

where (g ■ f){x) :~ ,f{xg). The function D * f docs not automatically have compact support. We 
say D is essentially compact provided that D * f e C^{G) for every / e G^{G). 

We define sf by ^f{x) := f{g~^xg) for x,g e G. We say that D is G-invariant if D{3f) = D{f) 
for all 5, /. The set 'D{G)f^ of G-invariant essentially compact distributions on G^{G) turns out to 
have the structure of a commutative C-algebra. We describe next the convolution product and its 
properties. 

Given distributions Di,D2 with D2 essentially compact, we define another distribution Di * D2 

by 

Lemma 3.1.1. The convolution products D * f and Di * D2 have the following properties: 

(a) For (j) G C^{G) let D^dx (sometimes abbreviated (j)dx) denote the essentially compact dis- 
tribution given by f h- > J„ f{x)(j){x) dx. Then D^dx * f ^ 4> *dx f ■ 

(b) IffeC^{G), then D *{f dx) = {D * f)dx. In particular, D^^dx '^ D^^dx ^ D<f,i*a:,<f>2dx ■ 

(c) // D2 is essentially compact, then {Di * D2) * / = Di * {D2 * /). // Di and D2 are each 
essentially compact, so is Di * D2 . 

(d) If D2 and D3 are essentially compact, then (Di * D2) * -D3 = Di * {D2 * -D3). 

(e) An essentially compact distribution D is G-invariant if and only if D*{lug dx) — {^Ug dx)*D 
for all compact open subgroups U d G and g Cz G. Here Ijjg is the characteristic function 
of the set Ug. 

(f) If D is essentially compact and /i, /2 G C^{G), then D * (/i *dx /2) = {D * /i) *dx /2- 

Corollary 3.1.2. The pair {D{G)^^,*) is a commutative and associative C-algebra. 

3.2. The projective limit. Let J C G range over the set of all compact open subgroups of G. Let 
'H(G) denote the convolution algebra of compactly-supported measures on G, and let T-lj{G) C H{G) 
denote the ring of J-bi-invariant compactly-supported measures, with center Zj{G). The ring 'Hj{G) 
has as unit ej = Ijdxj, where Ij is the characteristic function of J and dxj is the Haar measure 
with yo\dxj{J) = 1- Note that if J' C J, then dxji — [J : J'] dxj. 
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Let Z{G,J) denote the center of the algebra %{G,J) consisting of compactly-supported J-bi- 
invariant functions on G with product *dxj- There is an isomorphism Z{G, J) ^ Zj{G) by zj i— > 
zjdxj. 

For J' C J there is an algebra map Z{G, J') — > Z{G, J), given by zj' i~> zj> *dxj, Ij- Equivalently, 
we have Zjt{G) — ?> Zj(G) given by zj/dxj' H' zjidxji * iljdxj). 

We can view '^{{G) as the category of non-degenerate smooth 'H(G')-modules, and any element of 
limZ(G, J) acts on objects in £H(G) in a way that commutes with the action of H{G). Hence there 
is a canonical homomorphism ]\mZ{G, J) —> 3(G). 

There is also a canonical homomorphism 

\im Z{G, J) -^V{G)g 

since Z = {zj)j e limZ(G, J) gives a distribution on / G C^{G) as follows: choose J C G 
sufficiently small that / is right- J-invariant, and set 



(3.2.1) Z{f)= / zj{x)f{x)dxj. 

Jg 

This is independent of the choice of J . Note that for / e 'H(G, J) we have Z ^ f — zj *dxj f, and 
in particular Z * Ij = zj, for all J. To see Z = {zj)j as a distribution is really G-invariant, note 
that for / G HiG, J), the identities Z * f — zj *dxj f ^ f *dx j zj imply that Z * (fdx) ~ (fdx) * Z. 
This in turn shows that Z is G-invariant by Lemma l3.1.1f e). 

Now §1.4 — 1.7 of [BDj show that the above maps yield isomorphisms 

(3.2.2) 3(G) ^ ]^Z{G, J) => V{G)g. 

Corollary 3.2.1. Let Z G 3(G), and suppose a finite-length representation tt G 9i(G) has the 
property that Z acts on ir by a scalar Z{'k). 

(a) For every compact open subgroup J C G, Z * Ij acts on the left on tt"^ by the scalar Z{tt). 

(b) For every f G n{G), tr(Z * / | tt) = ^(vr) tr(/ | tt). 

3.3. Regular functions on the variety of supercuspidal supports. 

3.3.1. Variety structure on set of supercuspidal supports. We describe the variety of supercuspidal 
supports in some detail. Also we will describe it in a slightly unconventional way, in that we use the 
Kottwitz homomorphism to parametrize the (weakly) unramified characters on G{F). This will be 
useful later on, when we compare the Bernstein center with the stable Bernstein center. 

Let us recall the basic facts on the Kottwitz homomorphism |Ko97) . Let L the completion 
F"" of the maximal unramified extension F"" in some algebraic closure of F, and let i D F 
denote an algebraic closure of L. Let / = Gal{L/L) = Gal(F/F"") denote the inertia group. Let 
$ G Aut(L/F) be the inverse of the Frobenius automorphism a. In loc. cit. is defined a functorial 
surjective homomorphism for any connected reductive F-group H 

(3.3.1) kh:H{L)^X*{Z{H))j, 

where H — H{C) denotes the Langlands dual group of H . By loc. cit., it remains surjective on 
taking $-fixed points: 

kh:H{F)^X*{Z{H))1. 
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We define 

H{L), := keiiKH) 

H{F)i -.^ keiiKH) r\H{F). 

We also define H{F)^ D H{F)i to be tlie kernel of the map H{F) -^ X*{Z{H))f /tors derived from 

Kh- 

If H is anisotropic modulo center, then H{Fy is the unique maximal compact subgroup of H{F) 
and H{F)i is the unique parahoric subgroup oi H{F) (see e.g. IHRoj). Sometimes the two subgroups 
coincide: for example if H is any unramified i^-torus, then H{F)i — H{F)^. 

We define 

X{H) :=HonVp(i/(F)/iJ(F)\C^), 

the group of unramified characters on H{F). This definition of X{H) agrees with the usual one as 
in [BD]. We define 

X^(H) := Homg,p(ff(^)/7?(F)i,C><) 

and call it the group of weakly unramified characters on H{F). 

We follow the notation of |BK) in discussing supercuspidal supports and inertial equivalence 
classes. As indicated earlier in §3.1, for convenience we will sometimes write G when we mean the 
group G{F) of F-points of an F-group G. 

A cuspidal pair (Af , a) consists of an _F-Levi subgroup M C G and a supercuspidal representation 
a on M. The G-conjugacy class of the cuspidal pair (M, a) will be denoted (M, a)G- We define the 
inertial equivalence classes: we write {M,a) ^ {L,t) if there exists g & G such that gMg~^ = L 
and ^(7 = r X for some x G -^{L). Let [M, (t]g denote the equivalence class of (M, aja- 

If TT G 9'l(G')iired, then the supercuspidal support of tt is the unique element (M, (t)g such that n 
is a subquotient of the induced representation ip{a), where P is any F-parabolic subgroup having 
M as a Levi subgroup. Let Xg denote the set of all supercuspidal supports (Af, a)G- Denote by the 
symbol s = [M, ctJg a typical inertial class. 

For an inertial class s = [M, (t]g, define the set Xs — {{L,t)g \ {L,t) ^ {M, a)}. We have 

Xg = I I ^s- 

We shall see below that Xg has a natural structure of an algebraic variety, and the Bernstein 
components Xg form the connected components of that variety. 

First we need to recall the variety structure on X{M). As is well-known, X{M) has the structure 
of a complex torus. To describe this, we first consider the weakly unramified character group X'"{M). 
This is a diagonalizable group over C In fact, by Kottwitz we have an isomorphism 

M{F)/M{F)i ^ X*{Z{MYf = X*{{Z(mY)^). 

This means that 

X-(Af)(C) = Homg,.p(Af(F)/Af(F)i,C><) = Homaig(C[X*((Z(M)^)$)], C), 

in other words, 

(3.3.2) X^{M) = {ZiM)')^. 



T. Haines 



Another way to see (13.3.21) is to use Langlands' duality for quasicharacters, which is an isomorphism 

Homeont(M(J^),C^) - H\Wf,Z{M)). 

(Here Wp is the Weil group of F; see section ID) Under this isomorphism, X*(M) is identi- 
fied with the image of the inflation map H^{Wf/I, Z{My) -^ H^{Wf,Z{M)), that is, with 
H^{{^),Z{My) = (Z{M)^)<i,. This last identification is given by the map sending a cocycle 
^cocyc g zm<^),Z{My) to (^™'=2"=($) G (Z(M)'^)$. The two ways of identifying X"(M) with 
(Z(M)^)$, that via the Kottwitz isomorphism and that via Langlands duality, agreqj- For a more 
general result which implies this agreement, see |Kal] . Prop. 4.5.2. 

Now we can apply the same argument to identify the torus X{AI). We first get 

X{M){C) = IIomg,p{M{F)/M{F)\C''). 

Since M{F)/M{FY is the quotient of M{F)/M{F)i by its torsion, it follows that 



X(M) = {{Z{MY)^y =: {ziuY) 



$1 



the neutral component oi X^{M). 

Now we turn to the variety structure on X.,. We fix a cuspidal pair {M,a) representing Sm = 
[M, (t\m and s — [M, ctJg. Let the corresponding Bernstein components be denoted X^ and X^j,, . As 
sets, we have X., = {(M, (tx)g} and Xs^,^ = {(M, crx)M}, where x G X{M). The torus X{M) acts on 
'^sm by X '"^ (-^) ^x)m- The isotropy group is stab^ := {x I ^ — ^x}- Let Z(M)° denote the neutral 
component of the center of M . Then stabo- belongs to the kernel of the map X{Ad) — > X(Z(Af )°), 
X '^ x\z(M)°(F)j hence stabo- is a finite subgroup of X{M). Thus Xsj,,, is a torsor under the torus 
X(M)/stabcr, and thus has the structure of an affine variety over C. 

There is a surjective map 

T — ^ T 

(M,ax)Af ^ (M,ax)G, X e X(Af)/stab^. 

Let Ng{[M,(j]m) ■■= {n G Ng{M) \ 'V = ax for some x e X{M)}. Then the fibers of X^,, -^ X^ 
are precisely the orbits the finite group WR^ ,^^ :— Ng{[M, (j]q)/M on X^j,, . Via 

the set Xs acquires the structure of an irreducible affine variety over C. Up to isomorphism, this 
structure does not depend on the choice of the cuspidal pair (Af, a). 

3.3.2. The center as regular functions on Xg- An element z G 3(G) determines a regular function 
X: for a point (M, a)G G X^, z acts on ip{a) by a scalar z{a-) and the function (M, (t)g >-^ z{a) is a 
regular function on Xg- This is the content of |BD| . Prop. 2.11. In fact we have by loc. cit. Theorem 
2.13 an isomorphism 

(3.3.3) 3(G) => C[Xg]. 

Together with p.2.2p this gives all the equivalent ways of realizing the Bernstein center of G. 



We normalize the Kottwitz homomorphism as in IKo97l . so that kjj^ : L^ — > Z is the valuation map sending a 
uniformizer tjj to 1. Then the claimed agreement holds provided we normalize the Langlands duality for tori as in 
1 14.0. 41 1. 
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4. The local Langlands correspondence 

We need to recall the general form of the conjectural local Langlands correspondence (LLC) for 
a connected reductive group G over a p-adic field F. Let F denote an algebraic closure of F. Let 
Wp C Ga\{F/F) =: Tp be the Weil group of F. It fits into an exact sequence of topological groups 

1 ^ If ^ Wf -^^ Z ^ 1, 

where If is the inertia subgroup of Tf and where, if $ e Wf is a geometric Frobenius element (the 
inverse of an arithmetic Frobenius element), then val('I>) = — 1. Here If has its profinite topology 
and Z has the discrete topology. Sometimes we write / for Ip in what follows. 

Recall the Weil-Deligne group is Wp '■— Wp x C, where wzw'^ = \w\z for w G Wp and z e C, 
with \w\ :— q'p for qp = jj^{Of /{vjp)), the cardinality of the residue field of F. 

A Langlands parameter is an admissible homomorphism ip : Wp — >■ ^G, where ^G ;= G x Wp. 
This means: 

• iy9 is compatible with the projections W'p — >■ Wp and v : ^G — > Wp\ 

• iy9 is continuous and respects Jordan decompositions of elements in W'p and ^G (cf. |Bo79) . 
§8 for the definition of Jordan decomposition in the group Wp k C and what it means to 
respect Jordan decompositions here); 

• if ip{Wp) is contained in a Levi subgroup of a parabolic subgroup of ^G, then that parabolic 
subgroup is relevant in the sense of |Bo79| . §3.3. (This condition is automatic if G/F is 
quasi-split.) 

Let ^(G/F) denote the set of G-conjugacy classes of admissible homomorphisms (p : Wp — ?> ^G 
and let Il{G/F) — ?l(G(i^))iii.od the set of irreducible smooth (or admissible) representations of 
G{F) up to isomorphism. 

Conjecture 4.0.1 (LLC). There is a finite-to-one surjective map Il{G/F) — > ^{G/F), which 
satisfies the desiderata of |Bo79| . §10. 

The fiber 11;^ over ip € <^{G/F) is called the L-packet for (p. 

We mention a few desiderata of the LLC that will come up in what follows. First, LLC for Gm is 
nothing other than Langlands duality for Gm, which we normalize as follows: for T any split torus 
torus over F, with dual torus T, 

Homeonts(T(i^),C^) = Homeonts(VFF,f) 

satisfies, for every v e X^{T) = X*{f) and w G Wp, 

(4.0.4) ,,{^^{w))= a'^iArt p\w))). 

Here Art]^^ : Wp^ — > F^ is the reciprocity map of local class field theory which sends any geometric 
Frobenius element $ G Wp to a uniformizer in F. 

Next, we think of Langlands parameters in two ways, either as continuous L- homomorphisms 

ip-.W'p^ ^G 

modulo G-conjugation, or as continuous 1-cocycles 

^cocyc .y^^_^Q 
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modulo 1-coboundaries (where Wp acts on G via the projection Wp — > Wp). The dictionary between 
these is 

for w e Wp and w the image of w under Wp — ^ W^i? . 

The desideratum we wih use exphcitly is the following (a special case of |Bo79j . 10.3(2)): given any 
Levi pair (M, ct) (where a E II{M/F)) with representing 1-cocycle ip'^"''^ : Wp — >■ M, and any un- 
ramified 1-cocycle 2""^^^ : Wp -^ Z{My representing x G X{M) via the Langlands correspondence 
for quasi-characters on M(F), we have 

,^cocyc ,„cocyc cocyc 

fax "^fa ■ ^x 

modulo 1-coboundaries with values in M . We may view z""^y'^ as a 1-cocycle on Wp which is trivial 
on C; since it takes values in the center of M, the right hand side is a 1-cocycle whose cohomology 
class is independent of the choices of 1-cocycles y)^°'^2''= and z'^'^^'^ in their respective cohomology 
classes. Hence the condition just stated makes sense. Concretely, if x S X{M) lifts to an element 
z G Z{M)^ , then up to M-conjugacy we have 

(4.0.5) ipax{^):=^{z,l)ip4'P)(EM>iWF. 

Remark 4.0.2. There is a well-known dictionary between equivalence classes of admissible homo- 
morphisms (p : Wp K C — ^ ^G and equivalence classes of admissible homomorphisms Wp x SL2(C) -^ 
^G. For a complete explanation, see |GR| . Prop. 2.2. Because of this equivalence, it is common in 
the literature for the Weil-Deligne group Wp to sometimes be defined as Wp x C, and sometimes 
as Wp X SL2(C). 

5. The stable Bernstein center 



5.1. Infinitesimal characters. Following Vogan [Voj , we term a G-conjugacy class of an admissi- 
blqj homomorphism 

\:Wp^ ^G 

an infinitesimal character. Denote the G-conjugacy class of A by (A)g. In this section we give a 
geometric structure to the set of all infinitesimal characters for a group G. It should be noted that 
the variety structure we define here differs from that put forth by Vogan in |Voj . §7. 

If <f : Wp —>■ ^G is an admissible homomorphism, then its restriction (p\wf represents an infinites- 
imal character. Here it is essential to consider restriction along the proper embedding Wp ^->- Wp: if 
Wp is thought of as Wp k C, then this inclusion is w 1-^ {w, 0); if Wp is thought of as Wp x SL2(C), 
then the inclusion is w M- (i(;,diag(|w|^/^, |w|~-^/^)). If (p^y € ^{G/F) is attached by LLC to 
TT £ H(G/F), then following Vogan [Vol we shall call the G-conjugacy class {^tt\wf)g ^^^ infin- 
itesimal character of tt. 

If G is quasi-split over F, then conjecturally every infinitesimal character A is represented by a 
restriction ipTilwp '■ Wp -^ ^G for some tt G H(G/F). 



Admissible" is defined as for the parameters <p : Wp — > ^G (e. g. \{Wp) consists of semisimple elements of ^G) 
except that we omit the "relevance condition". This is because the restriction v'lwp of ^ Langlands parameter could 
conceivably factor through a non-relevant Levi subgroup of ^G (even though ip does not) and we want to include such 
restrictions in what we call infinitesimal characters. 
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Assume LLC holds for G/F. Let A be an infinitesimal character for G. Define the infinitesimal 
class to be the following finite union of i-packets 

Ha := [] n^. 

Here ip ranges over G-conjugacy classes of admissible homomorphisms W'p -^ ^G such that {'^\wf)q = 
(A)g, and H^ is the corresponding L-packet of smooth irreducible representations of G{F). 

5.2. LLC+. In order to relate the Bernstein variety X with the variety 2) of infinitesimal characters, 
we will assume the Local Langlands Correspondence (LLC) for G and all of its i^-Levi subgroups. 
We assume all the desiderata listed by Borel in [Bo 79) . 
There are two additional desiderata of LLC we need. 

Definition 5.2.1. We will declare that G satisfies LLC+ if the LLC holds for G and its F-Levi sub- 
groups, and these correspondences are compatible with normalized parabolic induction in the sense 
of the Conjecture 15.2.2] below, and invariant under certain isomorphisms in the sense of Conjecture 
[5X71 below. 

Let M C G denote an i^-Levi subgroup. Then the inclusion M ^^ G induces an embedding 
^M ^^ ^G which is well-defined up to G-conjugacy (cf. |Bo79j . §3). 

Conjecture 5.2.2. (Compatibility of LLC with parabolic induction) Let a G n(Af/F) and it S 
Il{G/F) and assume n is an irreducible subquotient ofip{a), where P = MN is any F-parabolic 
subgroup of G with F- Levi factor M. Then the infinitesimal characters 

f^lwi. -.Wf^ ^G 

and 

^alwi. -.Wf-^ ^M ^ ^G 
are G-conjugate. 

Remark 5.2.3. 1) The conjecture implies that the restriction (/JttIwf depends only on the supercus- 
pidal support of tt. This latter statement is a formal consequence of Vogan's Conjecture 7.18 in jVo| . 
but the Conjecture 15.2.21 is slightly more precise. In Proposition 15.5.11 we will give a construction 
of the map / in Vogan's Conjecture 7.18, by sending a supercuspidal support (M, cr)^ (a "classical 
infinitesimal character" in loc. cit.) to the infinitesimal character iy^a\wF)Q- With this formulation, 
the condition on / imposed in Vogan's Conjecture 7.18 is exactly the compatibility in the conjecture 
above. 

2) The conjecture holds for GL„, and is implicit in the way the local Langlands correspondence for 
GL„ is extended from supercuspidals to all representations (see Remark 13.1.1 of |HRa] ) . It was 
a point of departure in Scholze's new characterization of LLC for GL„ |Sch3] . and that paper also 
provides another proof of the conjecture in that case. 

3) I was informed by Brooks Roberts (private communication), that the conjecture holds for GSp(4). 

4) Given a parameter ip : W'p — > ^G, there exists a certain P = MN and a certain tempered 
parameter tpM ■ Wp — >■ M and a certain real- valued unramified character xm on M{F) whose 
parameter is in the interior of the Weyl chamber determined by P, such that the L-packet H^ consists 
of Langlands quotients J('nM ® Xm), for t^m ranging over the packet H^^,^. The parameter ip is the 



12 T. Haines 

twist of i^M by the parameter associated to the character xm- This reduces the conjecture to the case 
of tempered representations. One can further reduce to the case of discrete series representations. 

The following is a very natural kind of functoriality which should be satisfied for all groups. 

Conjecture 5.2.4. (Invariance of LLC under isomorphisms) Suppose (p '■ {G,tt) ^ (G",7r') is an 
isomorphism of connected reductive F-groups together with irreducible smooth representations on 
them. Then the induced isomorphism ^(p : ^G' ^ ^G (well-defined up to an inner automorphism 
of G), takes the G' -conjugacy class of (Pt^' '■ Wp — )■ G" to the G-conjugacy class of ip-^ : W'p — >■ G. 

Proposition 5.2.5. Conjecture \5.2.4\ holds when G = GL„. 

Proof. (Guy Henniart). It is enough to consider the case where G" — GL„ and </> is an F- 
automorphism of GL„. 

The functorial properties in the Langlands correspondence for GL„ are: 
(i) Compatibility with class field theory, that is, with the case where n = 1. 
(ii) The determinant of the Weil-Deligne group representation corresponds to the central char- 
acter: this is Langlands functoriality for the homomorphism det : GL„(C) — >■ GLi(C). 
(iii) Compatibility with twists by characters, i.e., Langlands functoriality for the obvious homo- 
morphism of dual groups GLi(C) x GL„(C) — > GL„(C). 
(iv) Compatibility with taking contragredients: this is Langlands functoriality with respect to 
the automorphism g i— ^ *g~^ (transpose inverse), since it is known that for GL„(i^) this 
sends an irreducible representation to a representation isomorphic to its contragredient. 
These properties are enough to imply the desired functoriality for i^-automorphisms of GL„. 
When n — 1, the functoriality is obvious for any _F-endoniorphisni of GLi. When n is at least 2, an 
i^-automorphism of GL„ induces an automorphisms of SL„ hence an automorphism of the Dynkin 
diagram which must be the identity or, (when n > 3) the opposition automorphism. Hence up 
to conjugation by GL„(i^), the F-automorphism is the identity on SL„, or possibly (when n > 3) 
transpose inverse. Consequently the i^-automorphism can be reduced (by composing with an inner 
automorphism or possibly with transpose inverse) to one which is the identity on SL„, hence is of 
the form g H> 5 • c(det(5)) where c £ X»(Z(GL„)). But this implies that it is the identity unless 
n = 2, in which case it could also he g 1-^ g ■ det(g)^^. In that exceptional case, the map induced 
on the dual group GL2(C) is also g '^ g ■ det{g)~^, and the desired result holds by invoking (ii) and 
(iii) above. D 

Corollary 5.2.6. Let M = GL„j x • • • x GL„^ C GL„ be a standard Levi subgroup. Let g G GL„(i^). 
Then Conjecture \ 5. 2.4\ holds for the isomorphism Cg : M ^ ^M given by conjugation by g. 

Proof. It is enough to consider the case where g belongs to the normalizer of M in GL„. Let T C M 
be the standard diagonal torus in GL„. Then g S Ng(T)M. Thus composing g with a permutation 
matrix which normalizes M we may assume that Cg preserves each diagonal factor GL„ . . The desired 
functoriality follows by applying Proposition 15.2.51 to each GL„ . . D 

For the purposes of comparing the Bernstein center and the stable Bernstein center as in Propo- 
sition [5331 'we need only this weaker variant of Conjecture 15.2.41 

Conjecture 5.2.7. (Weak invariance of LLC) Let M C G be any F-Levi subgroup and let g e G{F). 
Then Conjecture \ 5. 2.4\ holds for the isomorphism Cg : M ^ ^M . 
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5.3. Variety structure on the set of infinitesimal characters. It is helpful to rigidify things 
on the dual side by choosing the data G D S D T of a Borel subgroup and maximal torus which are 
stable under the action of Tp on G and which form part of the data of a Fj^-invariant splitting for 
G (cf. |Ko84aj . §1). The variety structure we will define will be independent of this choice, up to 
isomorphism, since different choices such B D T are conjugate under G^'' (loc. cit. Cor. 1.7). Let 
^B := B >o Wf and ^T = f x Wp- 

Following |Bo79 . §3.3, we say a parabolic subgroup V C ^G is standard ii V ^ ^B. Then its 
neutral component V" :— V O G is a. Wp-stahle standard parabolic subgroup of G (containing B), 
and V = V° yi Wp- Every parabolic subgroup in ^G is G-conjugate to a unique standard parabolic 
subgroup. 

Assume V is standard and let A4° C V° be the unique Levi factor with M.° ^ T; it is Wp-stahle. 
Then M := N-p{M°) is a Levi subgroup of V in the sense of loc. cit., and M == M° x Wp. The 
Levi subgroups Ai C ^G which arise this way are called standard. Every Levi subgroup in ^G is 
G-conjugate to at least one standard Levi subgroup; two different standard Levi subgroups may be 
conjugate under G. Denote by {M} the set of standard Levi subgroups in ^G which are G-conjugate 
to a fixed standard Levi subgroup M. 

Now suppose A : Wp — ?> G is an admissible homomorphism. Then there exists a minimal Levi 
subgroup of ^G containing X{Wp). Any two such are conjugate by an element of G^, where C\ is 
the subgroup of G commuting with X(Wp), by (the proof of ) [Bo79| . Proposition 3.6. 

Suppose Ai,A2 : Wp — ?> ^G are G-conjugate. Then there exists a G-conjugate A+ (resp. Aj) of 
Ai (resp. A2) and a standard Levi subgroup Mi (resp. M2) containing X^{Wp) (resp. AJ(M^f)) 
minimally. Write gXfg^^ = Aj for some g £ G. Then the Levi subgroups gMig~^ and M.2 contain 
AJ(Wf) minimally, hence by loc. cit. are conjugate by an element s G G°+. Then sg{M.i)[sg)^^ = 
M2, and thus {Mi} = {7^2}- 

Hence any G-conjugacy class (A)g gives rise to a unique class of standard Levi subgroups {A^a}, 
with the property that the image of some element A"*" S Wq i^ contained minimally by Mx for 
some A^A in this class. 

A similar argument shows the following lemma. 

Lemma 5.3.1. Let X'^ and Aj be admissible homomorphisms with (A^)g — (A^)g, and suppose 
Xi {Wp) and A^(VFf) are contained minimally by a standard Levi subgroup M. Then there exists 
n e Nq{M) such that "X^ = AJ. 

The following lemma is left to the reader. 

Lemma 5.3.2. If M Q ^G is a standard Levi subgroup, then 

Nq{M) = {n e Nq{M°) I nM° is Wp-stable). 

Consequently, conjugation by n ^ Nq{M) preserves the set {Z{M°)^)'^. More generally, if Mi and 
M2 are standard Levi subgroups of ^G and if we define the transporter subset by 

Transg(X 1,7^2) := {ff e G | gMig-^ = M2}, 

then 

Transg(7Wi, A^2) = {56 Transg ( A^ ? , 7W ^ ) | gM°i = M^g is Wp-stable}. 
Consequently, conjugation by g £ Transg ( A^ 1 , A^ 2 ) sends {Z{M\Y)% into (Z(A^2)^)$- 
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We can now define the notion of inertial equivalence (Ai)g '^ (-^2)^; of infinitesimal characters. 
Definition 5.3.3. We say (Ai)g and (A2)g are inertially equivalent ii 

• {XaJ = {XaJ; 

• there exists M G {A^Ai}, and Af G (Ai)g and Aj € (A2)g whose images are minimally 
contained by Ai, and an element z E {Z{A4°)')'^, such that 

(zA^ )m° — (A2 )m°- 
We write [A]g for the inertial equivalence class of (A)g. 

Note that A4 automatically contains {zXi){Wf) minimally if it contains X^{Wf) minimally. 

Lemma 5.3.4. The relation ^ is an equivalence relation on the set of infinitesimal characters. 

Proof. Use Lemmas 15.3.11 and 15.3.21 D 

Remark 5.3.5. To define (Ai)g ^ (A2)|§ we used the choice oi G D B D T (which was assumed to 
form part of a Fi^-invariant splitting for G) in order to define the notion of standard Levi subgroup 
of ^G. However, the equivalence relation ^ is independent of this choice, since as remarked above, 
any two Fi^-invariant splittings for G are conjugate under G^^, by |Ko84a| . Cor. 1.7. 

Remark 5.3.6. The property we need of standard Levi subgroups A4 C ^G is that they are 
decomposable, that is, Ai° := M Ci G is H^F-stable, and M = M° x Wp- Any standard Levi 
subgroup is decomposable. In our discussion, we could have avoided choosing a notion of standard 
Levi, by associating to each (A)g a unique class of decomposable Levi subgroups {M}, all of which 
are G-conjugate, such that A factors minimally through some Ai E {A^}- 

Now fix a standard Levi subgroup A4 C ^G. We write t^vfo for an inertial equivalence class of 
admissible homomorphisms Wp — >■ A4. We write 2)t^o for the set of A^°-conjugacy classes contained 
in this inertial class. We want to give this set the structure of an affine algebraic variety over C. 
Define the torus 

(5.3.1) Y{M°) := {Z{M°y)l. 

Then Y{Ai°) acts transitively on 2)t^o • Fix a representative 

X:Wf^M 

for this inertial class, so that 1^° = [^]m°- 

Lemma 5.3.7. The Y{M°)- stabilizer 

stabA := {z E Y{M°) \ (zA)^o = (A)^o} 

is finite. 

Proof. There exists an integer r > 1 such that $'' acts trivially oivM.° . The group stab a is contained 
in the preimage of the finite group Z{JV{°Y'' n {M.°)dcr under the norm homomorphism 

iV^ : {Z{M°Y)^ ^ Z{M°f'' , 

z K^ z$(z) • • •$''"-^(z) 

and the kernel of this homomorphism is finite. D 
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Then 2)t^o is a torsor under the quotient torus 

2)t^„ ^ Y{M°)/stahx. 

In this way the left hand side acquires the structure of an affine algebraic variety. Up to isomorphism, 
this structure is independent of the choice of A representing ij^o . 

Now let t denote an inertial class of infinitesimal characters for G, and let 2}t denote the set of 
infinitesimal characters in t. Recall t gives rise to a unique class of standard Levi subgroups {A^}, 
having the property that some representative A for t factors minimally through some Ai G {A^}- 
Fix such a representative A : Wp -^ Ai ^^ ^G for t, so that t — [X]q and Im" ~ [A]a4°- By our 
previous work, there is a surjective map 

izX)M° ^ {zX)q- 
where z e Y{M°)/stah\. Let 

Nq{M, [A]a4=) ={ne Nq{M) I ("A)a4o = (zA)>,o, for some z e Y{M°)}. 
From the above discussion we see the following. 

Lemma 5.3.8. The fibers of 2)tjv,o ^^ ?)t a^'e precisely the orbits of the finite group WR^ ^ :~ 

iVg(M,[A]^o)/X° on 2)t^„. 

Hence 2)i = W^i^ o\?5i7m° acquires the structure of an affine variety over C. Thus 2) = lJt?^t ^^ 
an affine variety over C and each 2)t is a connected component. 

Let y^{G) denote the ring of regular functions on the affine variety 2). We call this ring the 
stable Bernstein center of G/F. 

5.4. Base change homomorphism of the stable Bernstein center. Let E/F be a finite ex- 
tension in F/F with ramification index e and residue field extension kp/kp of degree /. Then 
We C Wf and Ip ^ If- Further, we can take $£ := $p as a geometric Frobenius element in We- 
Let SQ'^/^ resp. 2)'^^'^ denote the variety of infinitesimal characters associated to G resp. Ge- 

Proposition 5.4.1. The map (A)g H- {X\we)g determines a morphism of algebraic varieties 

Definition 5.4.2. We call the corresponding map bE/F ■ 5^*'{Ge) -^ y^{G) the base change homo- 
morphism for the stable Bernstein center. 

Proof Suppose A : Wp — > G x: Wp factors minimally through the standard Levi subgroup Ai C 
G X Wp and that its restriction X\we • ^e ^ G xi Wp factors minimally through the standard Levi 
subgroup Me C G x We- We may assume M°e C M° and thus Z{M°) C Z{M°p). 
There is a homomorphism of tori 

(5.4.1) r(M°) ^ iZiM^Yni, ^ iZiM°Ey%f - YiM°E) 

z^zf.^ Nfiz) := z - '^f{z) - - - $^-^(z). 

RecaU that z e (Z(A^°)^^)$^ is identified with the image of the element z($_f) G Z{M°)''' , 
where z is viewed as a cohomology class z E iJ^(($i?), Z(A^°)^^). Using the same fact for E 
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in place of F, it follows that (zA)|we = ZfX\wE: where Zf is defined as above. Thus the map 
{zX)q H> {{zX)\we)g ^^^^^ *° *^*^ '^^P 

(zA)a4° 1-^ {zfX\wE)M'> <-> (^/A|h'e)g' 

and being induced by (|5.4.ip . the latter is an algebraic morphism. D 

5.5. Relation between the Bernstein center and the stable Bernstein center. The varieties 
X and 2) are defined unconditionally. In order to relate them, we need to assume LLC+ holds. 

Proposition 5.5.1. Assume LLC+ holds for the group G. Then the map (M,a)G ^-^ iv<y\wF)Q 
defines a quasi-finite morphism of affine algebraic varieties 

f:x^y. 

It is surjective if G / F is quasi-split. 

The reader should compare this with Conjecture 7.18 in jVoj . Our variety structure on the set 
2) is different from that put forth by Vogan, and our / is given by a simple and explicit rule. In 
view of LLC+ our / automatically satisfies the condition which Vogan imposed on the map in his 
Conjecture 7.18: if tt has supercuspidal support (Af, cr)G, then the infinitesimal character of tt is 
/((M,(t)g). 

Proof. It is easy to see that the map (M, (t)g i-> (v'o-|wj?)(g is well-defined. We need to show that 
an isomorphism Cg : (M, a) ^ ( ^M, ^a) given by conjugation by g S G{F) gives rise to parameters 
'Pa : Wp — > ^M '-^ ^G and faa : W'p -> ^{^M) ^-> ^G which differ by an inner automorphism 
of G. In view of Coniecture 15.2.71 applied to M, the isomorphism ^{^M) ^ ^M takes ip^cr to an 
M-conjugate of fa- On the other hand the embeddings ^M M- ^G and ^{^M) ^^ ^G are defined 
using based root systems in such a way that it is obvious that they are G-conjugate. 

To examine the local structure of this map, we first fix a A and a standard M.\ through which A 
factors minimally. Let t = [A]g. Then over 2)t the map / takes the form 



(5.5.1) [] X,,, ^ 2)i 



+t 



Here Sm ranges over the inertial classes [Af, a\G such that {pa\wF)G ^® inertially equivalent to (A)g. 
We now fix a representative (M, ct) for Sm- Given such a (pai its restriction (/3ct|wf factors through 
a G-conjugate of ^M . But (<Pcr|wF)g ^ {■^)g inipli^s that (up to conjugation by G) 'Pa\wF factors 
minimally through M.x. Thus we may assume that Mx C ^M. The corresponding inclusion 
Z{M) ^-> Z{A4°^) induces a morphism of algebraic tori 

Y{M) = {Z{M)% ^ {Z{MlY)l = Y{Ml). 

Further, recall X{M) = Y{M) by the Kottwitz isomorphism (or the Langlands duality for quasi- 
characters), by the rule x '~^ 2;^°^^^(<I'). 

Taking (14.0.51) into account, we see that (j5.5.ip on X^^j^ , given by 

{M,ax)G ^^ (</'<Txki=.)g 

for X G X(M)/stabc,, lifts to the map 

(5.5.2) X(A/)/stab^ -^ r(Al^)/stabA, 
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which is the obvious map induced by X{AI) — >■ Y{M) — >■ y(A^^), up to translation by an element 
in Y{M°x) measuring the difference between (v5<t|vKf)//I° and {X)m° ■ The map (|5.5.2p is clearly a 
morphism of algebraic varieties. Hence the map / is a morphism of algebraic varieties. 

The fibers of / arc finite by a property of LLC. Finally, if G/F is quasi-split, the morphism / is 
surjective by another property of LLC. D 

Corollary 5.5.2. Assume G/F satisfies 1jLC+ , so that the map f in Provosition \5.5.7\ exists. Then 
f induces a C-algebra homomorphism y^{G) -> 3(G). It is injective if G/F is quasi-split. 

Remark 5.5.3. For the group GL„ the constructions above are unconditional because the local 
Langlands correspondence and its enhancement LLC-I- are known (cf. Remark [5.2.3f 2') and Corollary 
15.2.61) . One can see that Xgl„ — ^ ?)gl„ is an isomorphism and hence y^{GLn) — 3(GL„). 

Remark 5.5.4. As remarked by Scholze and Shin ('[SSj. §6), one may conjecturally characterize the 
image of y^{G) — >■ 3(G) in a way that avoids direct mention of i-parameters. According to them 
it should consist of the distributions D E 'D{G)f^ such that, for any function / G G^{G{F) whose 
stable orbital integrals vanish at semi-simple elements, the function D * f also has this property. 
See loc. cit. for further discussion of this. From conjectured relations between stable characters 
and stable orbital integrals, one can conjecturally rephrase the condition on D in terms of stable 
characters, as 

(5.5.3) SO^(i:» * /) = 0, V(^, if SO<p(/) = 0, V^. 

An element of 3''*(G) acts by the same scalar on all tt g H;^, and so the above condition holds if 
D E /(3'^*(G)). The converse direction is much less clear, and implies non-trivial statements about 
the relation between supercuspidal supports, L-packets, and infinitesimal classes. Indeed, suppose 
we are given D E 3(G) that satisfies (j5.5.3p . This should mean that it acts by the same scalar on 
all TT E Hip. On the other hand, saying D comes from 3'^*(G) would mean that D acts by the same 
scalar on all tt E Il\ and those scalars vary algebraically as A ranges over 2). So if for some A the 
infinitesimal class 

Ha = [] n^ 

contains an L-packet n^^ C H^ such that the set of supercuspidal supports coming from H^q does 
not meet the set of those coming from any Hj^/ with ip' not conjugate to ipQ, then one could construct 
a regular function D E 3(G) which is constant on the L-packets H,^ but not constant on Ha, and 
thus not in /(3'''(G)). In that case (15.5.31) would not be sufficient to force D E /(3'^*(G)), and the 
conjecture of Scholze-Shin would be false. In that case, one could define the subring 3^'*(G) C 3(G) 
of regular functions on the Bernstein variety which take the same value on all supercuspidal supports 
of representations in the same L-packet. This would then perhaps better deserve the title "stable 
Bernstein center" and it would be strictly larger than /(3^*(G)) at least in some cases. 

To illustrate this in a more specific setting, suppose G/F is quasi-split and A does not factor 
through any proper Levi subgroup of ^G. Then by Proposition l5.6.I] below. we expect IIa to consist 
entirely of supercuspidal representations. If IIa contains at least two L-packets Iltp, then there 
would exist a D E 3(G) which is constant on the Ilia's yet not constant on IIa, and the Scholze-Shin 
conjecture should be false. Put another way, if the Scholze-Shin conjecture is true, we expect that 
whenever A does not factor through a proper Levi in ^G, the infinitesimal class IIa consists of at 
most one L-packet. 
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5.6. Aside: when does an infinitesimal class consist only of supercuspidal representa- 
tions? 

Proposition 5.6.1. Assume G / F is quasi-split and LLC+ holds for G. Then Hx consists entirely 
of supercuspidal representations if and only if A does not factor through any proper Levi subgroup 
^M C ^G. 

Proof. If n^ contains a nonsupercuspidal representation tt with supercuspidal support (M, a)G for 
M C G, then by LLC+, we may assume (PttIwf^ ^-^d hence A, factors through the proper Levi 
subgroup ^M C ^G. 

Conversely, if A factors minimally through a standard Levi subgroup A^a £ ^G, then we must 
show that Ha contains a nonsupercuspidal representation of G. Since G/F is quasi-split, we may 
identify M\^ '^A'h for an F-Levi subgroup Mx C G. 

Now for t = [A]g, the map (|5.5.ip is surjective. For any F-Levi subgroup M D M\, a component 
of the form X[m.(t]g tias dimension dim(Z(Af)^)^ < dim {Z{M\y)°j, = dim2)t- Thus the union of 
the components of the form X[M.t7]o with M 3 Mx cannot surject onto 2)t. Thus there must be 
a component of the form X[Mx,ax] appearing in the left hand side of (|5.5.ip . We may assume Lpa-^ 
factors through ^Mx along with A. Writing (A)jj — {z'^'^'^'^'fux)]^ ^^^ some x ^ -'^(-^a), it follows 
that Ha contains the nonsupercuspidal representations with supercuspidal support {Mxt'Jxx)g- D 

5.7. Construction of the distributions Zy- Let {r,V) be a finite-dimensional algebraic repre- 
sentation of ^G on a complex vector space. Given a geometric Frobenius element $ e Wp and an 
admissible homomorphism A : Wp —> ^G, we may define the semi-simple trace 

tr""(A($), V)) := tr(rA($), F''-^(^^)). 

Note this is independent of the choice of $. 

This notion was introduced by Rapoport |Ra90) in order to define semi-simple local i-functions 
L(s, 7rp,r), and is parallel to the notion for f-adic Galois representations used in loc. cit. to define 
semi-simple local zeta functions Cn''(X, s); see also |HN02aj . |H05) . 

The following result is an easy consequence of the material in subsection 15.31 

Proposition 5.7.1. The map A M- tr'^^(A($), T^) defines a regular function on the variety 2) hence 
defines an element Zy G y^iG) by 

Zv((A)g)=tr-(A(<l>),F). 

We use the same symbol Zy to denote the corresponding element in 3(G) given via y^{G) — > 3(G). 
The latter has the property 

(5.7.1) Zy(7r)=tr^''(^,($),V) 

for every tt G n(G/F), where Zy{T:) stands for Zy{{M, (7)0) */ {M, a)G is the supercuspidal support 
ofiT. 

Remark 5.7.2. One does not really need the full geometric structure on the set 2) in order to 
construct Zy G 3(G): one may show directly, assuming that LLC and Conjecture 15.2.21 hold, that 
TT !->• tr^^{(pTr{^),V) descends to give a regular function on X and hence (|5.7.ip defines an element 
Zy e 3(G). Using the map / simply makes the construction more transparent (but has the drawback 
that we also need to assume Conjecture 15. 2. 7p . 
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6. The Langlands-Kottwitz approach for arbitrary level structure 

6.1. The test functions. Let {G,X) be a Shimura datum, where X is the G(]R)-conjugacy class 
of an K-group homomorphism h : Rc/RGm — ^ Gr. This gives rise to the reflex field E C C and a 
G(C)-conjugacy class {fi} C >'r*(Gc) which is defined over E. 

Choose a quasi-split group G* over Q and an inner twisting -0 : G* -^ G of Q-groups. In particular 
we get an inner twisting Gg — > Ge as well as an isomorphism of L-groups ■^(Ge) — > ^(Ge). 

Let Q C C denote the algebraic numbers, so that we have an inclusion E C Q and we can regard 
{/i} as a G(Q)-conjugacy class in X■^,{Gg) which is defined over E (cf. [Ko84bj . Lemma 1.1.3). 
Using ip regard {^} as a G*(Q)-conjugacy class in X^{G^), defined over E. By Kottwitz' lemma 
( [Ko84b| . 1.1.3), {/i} is represented by an E-rational cocharacter /i : G„i — > Ge. Following Kottwitz' 
argument in loc. cit. 2.1.2, it is easy to show that there exists a unique representation (r_p, VL^) of 
(Ge) such that as a representation of G* it is an irreducible representation with extreme weight 
— /i and the Weil group We acts trivially on the highest- weight space corresponding to any FE-fixed 
splitting for Gg. 

Using ip we can regard (r_p, V^_p) as a representation of ^(Ge). The isomorphism class of this 
representation depends only on the equivalence class of the inner twisting -0, thus only on G and 

{/^}- 

Now we fix a rational prime p and set G := Gq . Choose a prime ideal p C E lying above p, 
and set E := Ep. Choose an algebraic closure Q^ of Qp and fix henceforth an isomorphism of fields 
C = Qp such that the embedding E ^^- C ^ Qp corresponds to the prime ideal p. This gives rise to 
an embedding Q ^-> Qp extending E ^-> Qp, and thus to an embedding We ^^ We- We get from this 
an embedding ^{Ge) ^^ '^(Ge). Via this embedding we can regard (r_^, V-fj,) as a representation 
(r_^,y_^)of^(Gs). 

Associated to (r^^, V-f^) e Rcp( ^{Ge)) we have an element Zv_ in the Bernstein center 3{Ge)- 
Of course here and in what follows, we are assuming LLC-t- holds for Ge- 

Now we review briefly the Langlands-Kottwitz approach to studying the local Hasse-Weil zeta 
functions of Shimura varieties. Let ShKp = Sh{G, h~^,KPKp) denote the canonical modeo over E 
for the Shimura variety attached to the data {G,h~^ ^K'^Kp) for some sufficiently small compact 
open subgroup K^ C G(Ay) and some compact open subgroup Kp C G(Qp). We limit ourselves to 
constant coefficients Q^ in the generic fiber of Shxj, (here t ^ p i& a. fixed rational prime). Let $p 
denote any geometric Frobenius element in Gal(Qp/Qp). Then in the Langlands-Kottwitz approach 
to the semi-simple local zeta function C,^{s^ Shup), one needs to prove an identity of the form 

(6.1.1) tr'%%,K{ShK,^EQp,Qt))^ E cijo;i,S)0^{lKp)TOsg{<j>r). 

(7o;7,'5) 

Here the semi-simple Lefschetz number Lei^^{^p,ShKp) on the left hand side is the alternating 
semi-simple trace of Frobenius on the compactly-supported ^-adic cohomology groupf|j of Shx^ (see 
[Ra90| and |HN02a| for the notion of semi-simple trace) . The expression on the right has precisely 



We use this term in the same sense as Kottwitz IKo92a| . comp. Milne [Mill . §1 esp. 1.10. 

The Langlands-Kottwitz method really applies to the middle intersection cohomology groups of the Baily-Borel 
compactification and not just to the cohomology groups with compact supports; see Ko90] and IMorl for some 
general conjectures and results in this context, at primes of good reduction. The identity 116. LIU corresponds to the 
contribution of the interior, at primes of arbitrary reduction, and is a first step toward understanding the intersection 
cohomology groups. 
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the same form as the counting points formula proved by Kottwitz in certain good reduction cases 
(PEL type A or C, Kp hyperspecial; cf. |Ko92a) . (19.6)). The integer r > 1 ranges over integers of 
the form j ■ [kEo '■ IFp], i > Ij where Eq/<Qp is the maximal unramified subextension of E/Qp and 
kEg is its residue field. Thus $p = <i>p where $p is a geometric Frobenius element in Gal(Qp/£'). 
Finally, (j)r is an element in the Hecke algebra 7i{G{QpT),KpT) with values in Q^, where Qpr is the 
unique degree r unramified extension in Q„/Qp, and where Kpr c G'(Qpr) is a suitable compact 
open subgroup which is assumed to be a natural analogue of Kp C G'(Qp). To be more precise about 
Kpr J in practice there is a smooth connected Zp-model G for G, such that Kp = Q{ljp). In that case, 
we always take Kpr = t/(Zpr), where Zp.- is the ring of integers in Qpi-. In forming "TOs^{(j)^.), the 
Haar measure on G'(Qp'-) is normalized to give Kpr measure 1. 

Let Ej/E be the unique unramified extension of degree j in Qp/E. Let Ejo/Qp be the maximal 
unramified subextension of Ej/Qp. So E/Eq and Ej/Ejq are totally ramified of the same degree, 
and Ejo = Qpr . 

We make the choice of y/p e Q^, and use it to define Sj as a function with values in Q{y/p) C Qg. 
We can now specify the test function 0^ G Z{G{Ejo),Kjo), which will take values in Q^. 

In the construction of the elements Zy S 5^^ (G) , everything works the same way for (r, V) 
a representation of ^G := G(Q^) x Wp on a Q^-vector space. We henceforth take this point of 
view. Let {r-pj,V-fj,j) G Rep(^(G_Ej)) denote the restriction of (r_^,F_p) G Rep(^(GB)) via 
^(Gej) ^ ^(Ge)- We can then induce to get a representation (r_j^''.j-, F_^"^) of -^(G^^J. By 
Mackey theory, we get the same representation if we first induce to ^{Geq) and then restrict to 
^{Gejo), that is, we have 

(6.1.2) (r^L«,, F^f,) := Ind'!"'^"^- ResS>^>^- r_. = Res^""^"" Ind^^'^^V... 

This gives rise to Z e^q £ y^ {Gejo ) ■ By abuse of notation, we use the same symbol to denote the 

image of this in the Bernstein center: Z e^o e 3 (G_b^o ) . Of course here we are viewing 3 (G_b^(, ) as Q^- 

valued regular functions on the Bernstein variety, or equivalently as Q^-valued invariant essentially 
compact distributions: the topology on C playing no role, it is harmless to identify it with Q^. 
The following is the conjecture formulated jointly with R. Kottwitz. 

Conjecture 6.1.1. (Test function conjecture) Let d = Ami{ShKj,)- The test function (j),. in hd.l.l]) 
may he taken to hep^'^'^yZ e^q *iK r) ■ In particular, (pr may be taken in the center Z{G (Qpr), Kpr) 

of'H{G{Qpr), Kpr) and these test functions vary compatibly with change in the level Kp in an obvious 



The same test functions should be used when one incorporates arbitrary Hecke operators away 
from p into (I6.1.ip . 

Following Rapoport's strategy (cf. |Ra90] . |Ra05] . |H05) ), one seeks to find a natural integral 
model Mkj, over Oe for SHkj,, and then rephrase the above conjecture using the method of nearby 
cycles R^ := i?*^^> (Q^). 

Conjecture 6.1.2. There exists a natural integral model Aix I^e for Sh^ , such that 
(6.1.3) Y. tr^'(*;,i?*.)= Y. c(7o;7,'5)0(lKp)TO,e(</'r), 

xeMKj,(kEjo) (7o;7,'5) 
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where Sr — 



4>r — P^'^ [Z^'^jo * l-ftTpr ) as in Conjecture \6.1.1\ 



Remark 6.1.3. Implicit in this conjecture is that the method of nearby cycles can be used for 
compactly-supported cohomology. In fact we could conjecture there exists a suitably nice compact- 
ification oi M.k /Oe so that the natural map 

is a Galois-equivariant isomorphism. For G — GSp2„ and where Mk,, is the natural integral model 
for ShKj, for Kp an Iwahori subgroup, this was proved by Benoit Stroh. Of course, one is really 
interested in intersection cohomology groups of the Baily-Borel compactification (see footnote 5), and 
in fact Stroh |Str| computed the nearby cycles and verified the analogue of the Kottwitz conjecture 
on nearby cycles (see Coniccture 17.1.31 below) for these compactifications. 

Remark 6.1.4. Some unconditional versions of Conjectures 16.1.1] and 16. lT2] have been proved. See 
section [5] 

6.2. Endoscopic transfer of the stable Bernstein center. Part of the Langlands-Kottwitz ap- 
proach is to perform a " pseudostabilization" of (j6.1.ip . and in particular prove the "fundamental lem- 
mas" that are required for this. The stabilization expresses (|6.1.ip in the form J^u *(^i H) ST*{h.), 
the sum over global Q-elliptic endoscopic groups H for G of the (G, H)-regular Q-elliptic part of the 
geometric side of the stable trace formula for (H, h) (cf. notation of jKo90j ). for a certain transfer 
function h G C^(H(A)). (By contrast in "pseudostabilization" which is used in certain situations, 
one instead writes (|6.1.ip in terms of the trace formula for G and not its quasi-split inner form, and 
this is sometimes enough, as in e.g. Theorem 16.3.21 below.) For stabilization one needs to produce 
elements hp e C^(H((Qp)) which are Frobenius- twisted endoscopic transfers of (pr- The existence of 
such transfers hp is due mainly to the work of Ngo |Ngo| and Waldspurger |Wal971 IWal041 IWalOSj . 
But we hope to have a priori spectral information about the transferred functions hp. 

A guiding principle is that the nearby cycles on an appropriate "local model" for Shx should 
naturally produce a central element as a test function (j)r , which should coincide with that given by the 
test function conjecture (cf. Conjecture 16. 1.2"]) : then its spectral behavior is known by construction. 
In that case one can formulate a conjectural endoscopic transfer hp of 0r with known spectral 
behavior. 

General Frobenius-twisted endoscopic transfer homomorphisms S'^H^Qp'-) ~^ S'^H^Qp) ^ill be 
described elsewhere. Here for simplicity we content ourselves to describe two special cases: standard 
(untwisted) endoscopic transfer of the geometric Bernstein center, and the base change transfer for 
the stable Bernstein center. 

6.2.1. Endoscopic transfer of the geometric Bernstein center. Let us fix an endoscopic triple {H, s, 770) 
for G over a p-adic field F (cf. |Ko84a| . §7), and suppose we have fixed an extension 77 : ^H — )■ ^G 
oi rjo : H ^^ G (we suppose we are in a situation, e.g. Gder = Gsc, where such extensions always 
exist). We could hope the natural map 

yH/F _^ yG/F 

Wh ' — ^ ('7°-^)g- 
would be algebraic and hence would induce an endoscopic transfer honiomorphism y^{G) — > y*'{H). 
By invoking further expectations about endoscopic lifting, one would then formulate a map on the 
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level of Bernstein centers, 3(G) — >■ 5iH), which we could write as Z i-^ Z\,j. But these assertions are 
not obvious. Fortunately, in practice we need this construction rather on the geometric Bernstein 
center. 

Definition 6.2.1. Assume LLC+ holds for G/F. We define the geometric Bernstein center 

3^°°™(G) to be the subalgebra of y^{G) generated by the elements Zy as V ranges over Rep(^G). 

The terminology geometric Bernstein center is motivated by subsection 16.41 below. 

Let V\rj e Rep(-^iJ) denote the restriction oi V G Rep(^G) along r/. Further assume LLC+ also 
holds for H/F. Then Zy ^ Zv\^ determines a map y°'^{G) -^ 3^™'°(i?)- Write Z^ (resp. Z^jJ 
for the image of Zy (resp. Zy^ ) in 3(G) (resp. ^{H)). 

Conjecture 6.2.2. Assume LLC+ holds for both G and H . Then in the above situation the dis- 
tribution Zy, G 5{H) is the endoscopic transfer of Zy £ 3(G) in the following sense: whenever a 
function cj)^ £ C^ [H [F)) is a transfer of a function cj) £ C^{G{F)), then Zy. * (f)^ is a transfer 
of Z^ * (f). 

This conjecture and its Frobenius- twisted analogue were announced by the author in April 2011 
at Princeton [Hllj . A very similar statement subsequently appeared as Conjecture 7.2 in [SSj . 
Considering the untwisted case for simplicity, the difference is that in loc. cit., the authors take in 
place of Zy an element in the stable Bernstein center essentially of the form 

(A)g^tr(A($j.),K.J, 

where here the usual trace, not the semi-simple trace, is used. That conjecture is proved in loc. cit. in 
all EL or quasi-EL cases, by invoking special features of general linear groups such as the existence 
of base change representations. 

Formally, Conjecture 16.2.21 contains as a special case the "fundamental lemma implies spherical 
transfer" result of Hales }Hal) (see also Waldspurger [WalQ?) ). Indeed if K,Kh are hyperspecial 
maximal compact subgroups in G{F), H(F), then Ikh i^ ^ transfer of Ik by the fundamental 
lemma, and hence Zy. * ^Kh i^ ^ transfer of Zy * Ik- But by the Satake isomorphism, every 
iiT-spherical function on G{F) is of the form Zy * Ik for some representation V (comp. Section [^^ . 

Even in more general situations. Conjecture 16.2.21 is most useful when applied to a pair ip, cj)^ of 
unit elements in appropriate Hecke algebras. At least when G splits over F""^ Kazhdan-Varshavsky 
proved in [KVj that for some explicit scalar c, the Iwahori unit cli^j is a transfer of the Iwahori 
unit 1/. As another example, if K^^ C G{F) is the n-th principal congruence subgroup in G{F), 
then for some explicit scalar c the function cIkh is a transfer of Ik'^ (proved by Ferrari |Fer| under 
some mild restrictions on the residue characteristic of F), and thus c{Zy, * 1^") should be an 
explicit transfer of Zy * 1kg . A Frobenius-twisted analogue of Ferrari's theorem together with the 
Frobenius- twisted analogue of Conjecture 16.2.21 would give an explicit Frobenius-twisted transfer of 
the test function 0^ from Conjecture 16 . 1 . ll if Kp is a principal congruence subgroup. 

6.2.2. Base change of the stable Bernstein center. We return to the situation of Proposition I5.4.T1 
but we specialize it to cyclic Galois extensions of F and furthermore we assume G/F is quasi- 
split. Let E/F be any finite cyclic Galois subextension of F/F with Galois group {9), and with 
corresponding inclusion of Weil groups We ^-^ Wp . 



stable Bernstein center and test functions 23 

If € 'H{G{E)) and / € 'H{G{F)) are functions in the corresponding Hecke algebras of locally 
constant compactly-supported functions, then we say </>, / are associated (or f is a base-change trans- 
fer of (j)), if the following result holds for the stable (twisted) orbital integrals: for every semisimple 
element 7 e G{F), we have 

(6.2.1) SO,(/) = ^A(7,5)SO5e(0) 

s 

where the sum is over stable 0-conjugacy classes 5 G G{E) with semisimple norm AfS, and where 
A(7,(5) = 1 a MS = 7 and A{-f,d) ^ otherwise. See e.g. [K086) . [KoSSJ . p90] . or [H09] for further 
discussion. 

Conjecture 6.2.3. In the above situation, consider Z e 3^^iGE), and consider its image, also 
denoted by Z, in 3(G£;). Consider bE/piZ) G 3^*(G) (cf. Def. \5.4~^ and also denote by bE/F{Z) 
its image in 3(G). Then bE/piZ) is the base-change transfer of Z d 3(G_e), in the following sense: 
whenever a function f g C^{G{F)) is a base-change transfer of (f> € G^(G{E)), then bE/pi^) * f 
is a base-change transfer of Z * (j). 

Proposition 6.2.4. Conjecture \6.2.8\ holds forGL„. 

Proof. The most efficient proof follows Scholze's proof of Theorem C in |Sch2j which makes essen- 
tial use of the existence of cyclic base change lifts for GL„. Let tt G n(GL„/F) be a tempered 
irreducible representation with base change lift 11 G n(GL„/_E), a tempered representation which 
is characterized by the character identity On((5,^)) — ^TviNg) for all elements g G GL„(_E) with 
regular semisimple norm Ng ( |AC| . Thm. 6.2, p. 51). Here {g,0) G GL„(_E) x Gal(_E/F) and 6 acts 
on n by the normalized intertwiner /g : 11 — ?► 11 of [AC] , p. 11. 

Suppose / is a base-change transfer of cj). Using the Weyl character formula and its twisted 
analogue (cf. [AC] , p. 36), we see that 



tr((0,0)|n)=tr(/|7r). 

Multiplying by the constant ^(11) = bE/F{Z){'^), we get 

tr((Z*0,0)|n)=tr(6£/j.(Z)*/K). 

(Use Corollarv l3.2.1l and its twisted analogue.) There exists a base-change transfer h G C^(GL„(F)) 
oi Z *(f) { \AC\ . Prop. 3.1). Using the same argument as above for the pair Z ■¥ cf) and h, we conclude 
that tr{bE/FiZ)*f ~h | tt) = for every tempered irreducible tt G n(GL„/F). By Kazhdan's density 
theorem (Theorem 1 in [Kazj ) the regular semi-simple orbital integrals of bE/piZ) * f and h agree. 
Thus the (twisted) orbitals integrals of bE/F{Z) * f and (f) match at all regular semi-simple elements, 
and hence at all semi-simple elements by Clozel's Shalika germ argument (Prop. 7.2 of |C190j ). D 

Remark 6.2.5. Unconditional versions of Conjecture 16.2.31 are available for parahoric and pro-p 
Iwahori- Hecke algebra^, when G/F is unramified. See section |9l 



The pro-p Sylow subgroup of an Iwahori subgroup / C G{F) coincides with its pro-unipotent radical /+, and it 
has become conventional to term the Hecke algebra C^{I~^\G{F)/I^) the pro-p Iwahori- Hecke algebra. 
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6.3. Application: local Hasse-Weil zeta functions. By Kottwitz' base change fundamental 
lemma for miits [ Ko86] . we know Ik is a base-change transfer of Ik r whenever Kp = Q{'^p) and 
Kpi- — QCZpr) for a smooth connected Zp-model G for G. Then Coniectures 16. 1 . l1 and I6.2!3l together 
say that 

(6.3.1) 4^' := p"-"^' 6s,,/Q, (Z ^,0 ) * Ik, 

is a base-change transfer of a test function (pr that satisifies (|6.1.ip . 
Setting 

(6-3.2) (''"".' n°)-ind^:2"''^- 

we have for any admissible parameter (p : WL — > ^(Gq^) and any iTp S Tltp{G/Qp) the identity 

(6.3.3) tr(4^") I TTp) = f^l^ dim(7rp^-) tr-(^(ci>p , F^;), 

where r = j[i?o • Qp]- In the compact and non-endoscopic cases, the above discussion allows us to 
express Cl'^{s, SHk,) in terms of semi-simple automorphic L-functions. To explain this we need a 
detour on the point of view taken in |L1[|L2| (comp. |Ko84b| . §2.2). 

Recall (r_^, V-^) e Rep(^(G'E)). Consider the Langlands representation 

and for each prime p of E dividing p, consider 

Mackey theory gives 

pIp 
If p is understood, let Epo/Qp denote the maximal unramified subextension of Ep/Qp, and set 
-E = Ep and Eq := EpQ. Then we have 



(6-3-4) '■P^l-dg^^-r^.^lndg^^-r-. 

Lemma 6.3.1. Suppose Tip £ 'il^p{G/Qp). Then 

ftr""(a3($i),r^°) if r ^ j\Eo : <^„] 
(6.3.5) [E, : Qp]-itr-(^($;),rp) ^ ^^^ ''' ^^/ / ''^ " '^''^ 

Proof. There is an isomorphism of G >^ Wq -modules 



r. ^ C[G >^ 



^CIGxiWbJ ^-p- 



and Tp '^'^ has a C-basis of the form {(plj^p) ® Wk\ where < i < [Eo : Qp] — 1 and {wk\ comprises 
a C-basis for (r^;^)'^(%). The lemma follows. D 

The following result shows the potential utility of Coniectures 16. 1 . Il and 16. 2T^ It applies not just 
to PEL Shimura varieties, but to any Shimura variety where these conjectures are known. Similar 
results will hold when incorporating Hecke operators away from p. 
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Theorem 6.3.2. Suppose Gder is anisotropic overQ, so that the associated Shimura variety Sh^j, = 
Sh{G,h^^,K'PKp) is proper over E. Suppose G has "no endoscopy", in the sense that the group 
J?(G^(,/Q) is trivial for every semisimple element 7q G G(Q), as in e.g. [Ko92bj . Let p he a prime 
ideal of ^ dividing p . Assume {1AjG-\-) (cf. §5.2|) . and ConJectures \6.1.1\ and \6.2.3\ hold for all groups 

Then in the notation above, we have 

(6.3.6) Cr(s,5/iKj = ni^^(5-^,'r„rp)''(-/)d'-W"), 

where Try = tt^ tt^ runs over irreducible admissible representations o/G(Ay) and the integer a{'!Tf) 
is given by 

where rn{'Kf ® tTqc) is the multiplicity of TTf (g) tTqc in L^(G(Q)Ag(K)°\G(A)). Here Ac, is the 
Q-split component of the center of G (which we assume is also its R-split component). Further 
IIoo is the set of irreducible admissible representations of G(M) which have trivial infinitesimal and 
central characters, and foo is defined as in |Ko92b) to be (— l)'i""('S''»it) times a pseudo-coefficent of 
an essentially discrete series member ttJ^ G Hoc . 

Proof. The method fohows closely the argument of Kottwitz in |Ko92b| (comp. [HRaj . §13.4), so 
we just give an outline. We will use freely the notation of Kottwitz and [HRaj . Set / = [Epo : Qp]. 
By definition we have 

(6.3.7) iogC;{s,ShK,)=f2Ler{<i>i,ShKj^^. 

By using (|6.1.ip together with Conjectures 16.1.11 and I6.2.3[ the arguments of Kottwitz (loc. cit.) 
show that for each j > 1 

(6.3.8) Lef^^('i>^p, ShK,) = r(G) ^ SO^„(F f^'^ /oo), 

70 

where fp is defined as in (16.3.11) and /^ is the characteristic function of Rp C G(A^). Here 70 
ranges over all stable conjugacy classes in G(Q). 

Since Gder is anisotropic over Q, the trace formula for any / g Cj?°(Ag(K)°\G(A)) takes the 
simple form 

(6.3.9) J2 <Gf)o^if) = E ™w t^(/i^)' 

7 n 

where 7 ranges over conjugacy classes in G(Q) and tt ranges over irreducible representations in 
L2(G(Q)Ag(K)°\G(A)). By |Ko92b| . Lemma 4.1, the vanishing of aU ^(G^JQ) means that 



^T(G^)0^(/)=r(G)^SO^„(/). 



70 
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It follows that 

n 

-E E M^f^^oo)-tr{r\nP)-tT{fj,^'>\np)-tr{f^\TT^) 
= J2 «(^/) dim(7rf ) p^-/^/2 tr-(^.^ ($^p), ^f^), 



the last equality by (16.3. 3p . 
By definition we have 



logL-(s,7rp,rp) = £tr-(^^^(<J>P,rp) 



r 

r—L 

Now (|6.3.6p follows by invoking (|6.3.5p . D 

Remark 6.3.3. Unconditional versions of Theorem 16.3.21 are available for some parahoric or pro- 
p-Iwahori level cases, or for certain compact "Drinfeld case" Shimura varieties with arbitrary level; 
these cases are alluded to in section HI 

6.4. Relation virith geometric Langlands. For simplicity, assume G is split over a p-adic or local 
function field F. Assume G satisfies LLC+. From the construction of Zy in Proposition 15. 7.1] we 
have a map 

(6.4.1) KoRepciG) -^ Z{G, J) 

V I-?' Zv * 1,7 

for any compact open subgroup J C G{F), which gives rise to a commutative diagram 

Z{G,J) 

Z{G,I) 

-*i\k 

iCoRep(G) 9 -H(G, K) 

whenever J <~ I <Z K where / resp. K is an Iwahori resp. special maximal compact subgroup, and 
where the bottom two arrows are the Bernstein resp. Satake isomorphisms. We warn the reader 
that the oblique arrow i^oRep(G) — > Z{G, J) is injective but not surjective in general, and also it is 
additive but not an algebra homomorphism in general. 

Gaitsgory [Ga| constructed the two arrows Sat and Bern geometrically when F is a function 
field, using nearby cycles for a degeneration of the affine Grassmannian Grg to the afhne flag 
variety Fl for G. One can hope that, as in the Iwahori case |Ga| . one can construct the arrow 
KqRcyi{G) — > Z{G, J) categorically using nearby cycles for a similar degeneration of Grg to a 
"partial affine flag variety", namely an /pgc-quotient L^/ L^Z where -J is a smooth connected group 
scheme over Fp[[i]] with generic fiber JFp((t)) = GFp((t)) and 5(Fp[[t]]) = J. Here LJ (resp. L^Z) is 
the ind-scheme (resp. scheme) over Fj, representing the sheaf of groups for the /pgc-topology whose 
sections for an Fp-algebra R are given by L5(Speci?) = JC-RMlj]) (resp. L+5(Speci?) = -3(i?|t])). 
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At least for J — I^ , the pro-p Iwahori subgroup, this wiU be realized in forthconiing joint work of 
the author and Benoit Stroh. 

In a related vein, the geometric Satake equivalence of Mirkovic-Vilonen |MVj is a categorical 
version of the Satake isomorphism Sat, and this is usually stated when G is a split group over 
F ~ Fp((i)). One can ask for a version of this when G is nonsplit, possibly not even quasisplit, over 
such a field F . The correct Satake isomorphism to "categorify" appears to be the one described in 
[HRo| . In many cases where G is quasisplit and split over a tamely ramified extension of F , this has 
been carried out in recent work of X. Zhu [Zhu| . 

7. Test functions in the parahoric case 

We fix r = 2\Eq : Qp] for some j € N. We assume K^, is a parahoric subgroup of G(Qp), and we 
let KyT denote the corresponding parahoric subgroup of G(Qpr). Assuming LLC+ holds for Gq r, 
we can speak of the test function 

(7.0.2) (/., =p'-'^/2(Z^B,o * \k^^) e Z{G{Qp.),Kp.). 

We wish to give a more concrete description of this function, making use of Bernstein's isomorphism 
for Z{G{Qp^),KpT) which is detailed in the Appendix, section [TTl 

In the next two subsections, we are concerned with the case where Gq ^ is quasisplit. We write 
F :— Qp>-. Choose a maximal F-split torus A in G, and let T denote its centralizer in G. Fix 
an F-rational Borel subgroup B containing T. Let Kp C G{F) denote the parahoric subgroup 
corresponding to Kp. 

By Kottwitz ( |Ko84bj . Lemma (1.1.3)), the G(Qp)-conjugacy class {/i} is represented by an F- 
rational cocharacter fi S Ar*(T)*^ = X^{A). It is clear that E, the field of definition of {id}, is 
contained in any subfield of Q„ which splits G. 

Given n G n(G/F) with tt^^ 7^ 0, to understand (17.0.2^ we need to compute the scalar 

(7.0.3) tr(^.(a>^),(y4')^"^'"^)- 

There is an unramified character x of T{F) such that tt is a subquotient of i^x), and we may 
assume ip-kIwf — Vxlwp- Since x is unramified, (^^(/f) = 1 x /f C T x Wp- Regarding x as an 
element of T, (|4.0.4p implies that we may write ip^(^p) = x ^ "^-F G T x: Wp- Then we need to 
compute 

(7.0.4) tr(xx<i>F,(1^4")'"'"). 

7.1. Unramified groups and the Kottwitz conjecture. Let us consider the case where Gq ^ 
is unramified. Since we are assuming G splits over an unramified extension of Qp, it follows that 
E/Qp is unramified, i.e. E — Eq and V_° = V-^. Moreover F = Ejq contains E with degree j. 

Further, since G splits over i^"", we have Vl^ ^ = V^-^j. So we are reduced to computing 
tr(x X <I>F , V-f^). Exactly as in Kottwitz' calculation of the Satake transform in [Ko84bj . p. 295, we 
see that ()7.0.3|) is 

(7.1.1) tr(x X <i>F , y-^) = Y. i-^)(x)- 

\eW{F)-p. 

Here W{F) = W{G,A) is the relative Weyl group for G/F, and we view A G X^A) = X^iTf" as 
a character on T. This proves the following result. 
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Lemma 7.1.1. In the above situation, 

(7.1.2) Z E,o * iK^r = Z-f,J, 

where the Bernstein function z_^j (cf. Definition \11.1 (L^) is the unique element oj Z{G{F),Kf) 
which acts (on the left) on the normalized induced representation ^^(x)^^ ^U i^^ scalar X]Aeiv(F)u(~'^)(x)7 
for any unramified character x ■ T{F) — > C^ . 

Of course the advantage of z_f^j is that unhke the left hand side of (17.1.21) . it is defined uncon- 
ditionahy. A relatively self-contained, elementary, and efficient approach to Bernstein functions is 
given in section [TTl 

Thus Conjecture 16.1.11 in this situation is equivalent to the Kottwitz Conjecture. 

Conjecture 7.1.2. (Kottwitz conjecture) In the situation where Gq ^ is unramified and Kp is a 
parahoric subgroup, the function (j)^ in i6.1.1]) may be taken to be p'^'^''^z_^j. 

Coniecture l7.1.2l was formulated by Kottwitz in 1998, about 11 years earlier than Conjecture 16. 1.1 1 
There is a closely related conjecture of Kottwitz concerning nearby cycles on Rapoport-Zink local 
models M'^'^ for Shx^- We refer to jRZi iRa05] for definitions of local models, and to [H05l IHN02a] 
for further details about the following conjecture in various special cases. 

Conjecture 7.1.3. (Kottwitz Conjecture for Nearby Cycles) Write Q for the Bruhat-Tits parahoric 
group scheme over Zpr with generic fiber Gq ^ and with Q{1jpr) = Kpv . Let Qt denote the analogous 
parahoric group scheme over Fpr[[i]] with the "same" special fiber as Q. Then there is an L^Q-, 



t,F„ 



equivariant embedding of M'^'^ j. ^ into the affine flag variety LQtf r/L^Gt,¥ r, via which we can 
identify the semisimple trace of Frobenius function x i-> tr^^(Fipr ^ R'^^ '') on x Q M'^'^ (Fpi- ) with 



the function /"/^^-..j G Z(gt(Fp.((i))) , GtiWpr 

7.2. The quasisplit case. The group G^^ is a possibly disconnected reductive group, with maximal 
torus (T^^)° (see the proof of Theorem 8.2 of ^Sti). Now we may restrict the representation V_° to 
the subgroup G^^ x Wp C G x Wp. Let x be a weakly unramified character of T{F); by (13.3.21) we 
can view x G (T^*")$y. The only T-^^-weight spaces of (yfp^^-''' which contribute to (j7.0.4p are 
indexed by the ^j^-fixed weights, i.e. by those in X*(T^^)*^. (It is important to note that it is the 
weight spaces for the diagonalizable group T^^, and not for the maximal torus (r^^)°, which come 
in here.) This is consistent with Theorem lll.lO.Ij of the Appendix, and may be expressed as follows. 

Proposition 7.2.1. In the general quasisplit situation, Z e^q * Ik r is the unique function in 



V 






2^(G(Qpi-), ifpr) which acts on the left on each weakly unramified principal series representation 
i%{x)^'' by the scalar l^7.0.4\ ), and thus is a certain linear combination of Bernstein functions z^\j 
where —A G x*(r^^)*^ ranges over the W{G, A)-orbits of ^p -fixed T^'' -weights in V_°. 

It is an interesting exercise to write out the linear combinations of Bernstein functions explicitly 
in each given case. Once this is done, the result can be used to find explicit descriptions of test 
functions for inner forms of quasi-split groups. This is the subject of the next subsection. 

7.3. Passing from quasisplit to general cases via transfer homomorphisms. 
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7.3.1. Test function conjecture via transfer homomorphisms. We use freely the notation and set- 
up explained in the Appendix H11.12I Let G* be a quasi-split i^-group with an inner twisting 
^jj : G -^ G*. Let J* C G*{F) resp. J C G{F) be parahoric subgroups and consider the normalized 
transfer homomorphism i : Z{G*{F), J*) -> Z{G{F), J) from Definition [lL12^ 

The following conjecture indicates that test functions for the quasisplit group G* should determine 
test functions for G. This is compatible with the global considerations which led to Theorem 16.3.21 

Conjecture 7.3.1. Let Kpr resp. K*r he parahoric subgroups of G{Qpr) resp. G*{Qpr), with 
corresponding normalized transfer homomorphism t : Z{G*{Qpr), K*r) — > Z{G{Qpr), Kpr). If 
(f)* e Z{G*{Qpr),K*r) is the function p^'^/'^{Z'~^E^^ * ^k%) described in Proposition \7.2.1\ for the 

data (Gq ^ , {— pl\ , Kpr) , then (pr :— t{(f>*) G Z{G{Qpr), Kpr) is a test function satisfying I16.1.1\) for 
the original data (Gq ^ , {— /i}, i^pr). 

Assuming Conjecture 16.1.11 holds, another way to formulate this is that the normalized transfer 
homomorphism t takes the function Z'^e^. *1a:*^ G Z{G*{Qpr), K*r) to the function Z'-^e,,- *^Kpr G 

Z{G{Qpr),Kpr). But the point of Conjecture 17.3.11 is to provide an explicit test function for the 
non-quasisplit data (Gq^^ , {— /x}, Kpr) which can be compared with direct geometric calculations of 
the nearby cycles attached to this data, and thus to provide a method to prove an unconditional 
analogue of Conjecture 16 . 1 . II for such data. This is illustrated in Ji7.3.3l below. 
The next two paragraphs show that Conjecture 17.3.11 is indeed reasonable. 

7.3.2. A calculation for GL2. Take G* = GL2.F and G — D^ , where D is the central simple division 
algebra over F of dimension 4. 

Here we will explicitly calculate and compare the test functions associated to (GL2,f, {~m},^f) 
and {D^ ,{-fi},0^), where ^ = (1,0), and where Ip C GL2(-F) and O^ C D^ are the standard 
Iwahori subgroups. This calculation will show that the normalized transfer homomorphism takes 
one test function to the other. This is required in order for both Conjectures 16 . 1 . II and I7.3?11 to hold 
true. 

Write zl^ = Z^^^ * 1/^ e Z{GL2{F),If) and z_^ = Z^^^ * l^x e n{D'',0^) ^ C[Z]. The 
last isomorphism is induced by the Kottwitz homomorphism, which in this case is the normalized 
valuation valp o Nrd/j : D^ ^> Z, where val^ is the normalized valuation for F and Nrd/j : D ^ F 
is the reduced norm. 

Write fl = (0, 1) and let B* denote the Borel subgroup of lower triangular matrices in GL2. Then 
zl^ acts on the left on ig-^'^ixY" by the scalar 

tr(x X $F, V-p) = (-/i - fl)ix), 

for any unramified character x G Hom(T*(i^)/r*(F)i,C^). We may view x as a diagonal 2x2 
complex matrix x — diag(xi,X2)- 

To calculate z_^ we need a few preliminary remarks. First we parametrize unramified characters 
rj G Hom(Z?^/0]^, C^) by writing rj — rjQ o Nrdu, where rjQ E C^ is viewed as the unramified 
character on i^^ which sends mp 1— > r/Q. The map Nrdu : D^ —> F'^ is Langlands dual to the 
diagonal embedding Gm(C) — > GL2(C), and it follows that the cocycles z^ and z,^g attached by 
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Langlands duality to the quasicharacters rj and 770 satisfy 









and thus, z^($i?) — 



m 

r/0 



On the other hand, if 1 denotes the trivial 1-dimensional representation of D ^ , then its Langlands 
parameter i^f satisfies lyof {^f) — diag((7~^/^,q^/^) (see, e.g., [PrRaj . Theorem 4.4). So using 
(|4.0.5p . we obtain 



tr(^f (<J>f),l^_^)-tr( 



mq 



'1/2 



■nm 



1/2 



,F-_ 



(<5^y'(.n-^) . -mI^ + 5-^l'\uj--^) ■ ~Alz)( 'J' ) 



^0 
ryo 



Here Z is the center of G* . Using the definition of i we deduce the following result. 

Proposition 7.3.2. The normalized transfer homomorphism i : Z(GL2(F), /j?) — > H{D^ ,0^) 
sends z*_ to z_^. 

7.3.3. Compatibility with nearby cycles in some anisotropic cases. Suppose we are in a situation 
where i? = Qp. As before, write F = Qpr. Suppose Gp = {D (g) F)^ x Gm, where D is a central 
division algebra over E of degree n^, for n > 2. This situation arises in the setting of "fake unitary" 
simple Shimura varieties (see, e.g. |H01] . §5). Let G* = GL„ x G„i, a split inner form of G over Qp. 

Suppose that T^_^ = A™(C") for < m < n, i.e. the representation of G* = GL„(C) x C^ where 
the first factor acts via the irreducible representation with highest weight (1™, 0"^™) and the second 
factor acts via scalars. 

Consider the local models M*i°'= = M^°'={G* ,{~fi},K*) and Mi°= = M^°''{G,{-fj,},Kp), where 
K* C G*{F) and Kp C G{F) are Iwahori subgroups. We can choose the inner twist G ^ G* and 
the subgroups K* and Kp so that 

M*'°'=(Fp) = M'°"(Fp) 

and where the action of geometric Frobenius $p on the right hand side is given by $p = Ad(c$^ ) • $* 
where $* is the usual Frobenius action (on the left hand side) and where t i— >■ Ad(cT-) represents the 
class in H^{Qp, PGL„) corresponding to the inner twist G — ?► G*. 

Assume {r,n) ~ 1 and set q — p''. Then 'M.^°'^{G,{—fi},Kp){¥q) consists of a single point. To 
understand the corresponding test function we may ignore the Gm-factor and pretend that G = D^ 
and G* = GL„. Then the Kottwitz homomorphism kq '■ G{F) — > Z induces an isomorphism 

H{G{Qp.),Kp.)^Cm. 

The test function for the Shimura variety giving rise to the local Shimura data (G, {— /i}, Kp) should 
be calculated by understanding the function trace of Frobenius on nearby cycles on M'°'^, similarly 
to Conjecture 17. 1.31 in the unramified case. The test function should be of the form Gq ■ l„i G C[Z] = 
H{G{Qp),KpT) for some scalar Gq. 



Proposition 7.3.3. In the above situation, Conjecture \ 7. 3. 1] predicts that the coefficient Gq is given 
by Cq = 7^Gr(r7i, n)(Fq), the number of ¥ q-rational points on the Grassmannian variety Gr(r7i,n) 
parametrizing m-planes in n-space. 
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This is compatible with calculations of Rapoport of the trace of Frobenius on nearby cycles of 
the local models for such situations, see |Ra90j . Thus the normalized transfer homomorphism gives 
a group-theoretic framework with which we could make further predictions about nearby cycles on 
the local models attached to non-quasiplit groups G, assuming we know explicitly the corresponding 
test function for a quasisplit inner form of G. 

Proof. By the final sentence of Proposition lll . 12~6l we simply need to integrate the function p'''^/'^z*_ e 
Z(GL„(Qpr), i^* ) over the fiber of the Kottwitz homomorphism val o det over l„j G C[Z]. This is 
a combinatorial problem which could be solved since we know i[f'^''^z*_^ explicitly. However, it is 
easier to use geometry. Translating " integration over the fiber of the Kottwitz homomorphism" in 
terms of local models gives us the equality 

C, = Y. Tr(<i>;,i?vl/M--(Q^)^). 

xeM*i°':(F,) 

(Here ^ is a rational prime with t ^ p.) But the special fiber of M*'°'^ embeds into the affine flag 
variety FIql^^ for GL„/Fp, and under the projection p : FIql^ -^ GrcL,, to the affine Grassmannian, 
M*'°'^ maps onto Gr(m, n) and i?p,(i?*'^* ""(Q^)) = Q^, the constant ^-adic sheaf on Gr(m,n) in 
degree 0. Thus we obtain 

C,= Y. Tr($;, (Q,),) = #Gr(m, n)(W,) 

x^G'i{m,n){V,) 

as desired. (The reader should note the similarity with Prop. 3.17 in jRa90| , which is justified in a 
slightly diflFerent way.) D 

8. Overview of evidence for the test function conjecture 

8.1. Good reduction cases. In case Gq is unramified and iiTp is a hyperspecial maximal compact 
subgroup of G((Q)p), we expect Sh{G, h~^,KPKp) to have good reduction over Oe^ ■ In PEL cases 
this was proved by Kottwitz |Ko92a| . In the same paper for PEL cases of type A or C, it is proved 
that the function (j)r — ^k r/^rp-Mif r satisfies (j6.1.1|) . which can be viewed as verifying Conjecture 
l6.1.1l for these cases. 

8.2. Parahoric cases. Assume Kp is a parahoric subgroup. We will discuss only PEL Shimura 
varieties. 

Here the approach is via the Rapoport-Zink local model M'^'^ for a suitable integral model Mk 
for Shx and the main ideas are due to Rapoport. We refer to the survey articles [Ra90| . |Ra05| . and 
|H05j for more about how local models fit in with the Langlands-Kottwitz approach. For much more 
about the geometry of local models, we refer the reader to the survey article of Pappas-Rapoport- 
Smithing |PRSj and the references therein. 

Using local models, the first step to proving Conjecture 16.1.21 is to prove Conjecture 17.1.31 The 
first evidence was purely computational: in jH01| . Z-^.j was computed explicitly in the Drinfeld 
case and the result was compared with Rapoport's computation of the nearby cycles in that setting, 
proving Conjecture 7.1.3 directly. This result motivated Kottwitz' more general conjecture and also 
inspired Beilinson and Gaitsgory to construct the center of an affine Hecke algebra via a nearby 
cycles construction, a feat carried out in [Gaj . Then in [HN02a] Gaitsgory's method was adapted to 
prove Conjecture 17.1.31 for the split groups GL„ and GSp2„. This in turn was used to demonstrate 
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Conjecture 17.1.21 for certain special Shimura varieties in |H05| , and then to prove the analogue of 
Theorem 16. 3. 21 for those special Shimura varieties with parahoric level structure at p. The harmonic 
analysis ingredient needed for the latter was provided by JH09I . 

In his 2011 PhD thesis, Sean Rostami proved Conjecture 17.1.31 when G is an unramified unitary 
group. In a recent breakthrough, Pappas and Zhu defined group-theoretic local models M'^'^ when- 
ever G splits over a tamely ramified extension, and for unramified groups G proved Coniecture l7.1.3l 
see |PZ] . esp. Theorem 10.16. 

8.3. Deeper level cases. We again limit our discussion to PEL situations, where progress to date 
has occurred. 

It is again natural to study directly the nearby cycles relative to a suitable integral model for 
the Shimura variety and hope that it gives rise to a test distribution in the Bernstein center. For 
Shimura varieties in the "Drinfeld case" with. Kp apro-p Iwahori subgroup of G(Qp) = GL„(Qp)xQp 
("ri(p)-level structure at p"), one may use Oort-Tate theory to define suitable integral models and 
prove Conjectures 16. 1 . 2l and 16 . iTTj for them. This was done by the author and Rapoport |HRaj (and 
|H12| provided the harmonic analysis ingredient needed to go further and prove Theorem 16.3.21 in 
this case). 

Around the same time as |HRa| . Scholze studied in |Schl] nearby cycles on suitable integral 
models for the modular curves with arbitrarily deep full level structure at p. In this way he proved 
Coniectures l6. 1 .Sl and l^l . ll in these cases, taking the compactifications also into account, and thereby 
proved the analogue of Theorem 16.3.21 for the compactified modular curves at nearly all primes of 
bad reduction. The nearby cycles on his integral models naturally gave rise to some remarkable 
distributions in the Bernstein center, for which he gave explicit formulae (see section [T0|) . 

Then in [Sch2j Scholze generalized the approach of |Schl| to compact Shimura varieties in the 
Drinfeld case, again finding an explicit description of nearby cycles. In this case, he was still able to 
produce a test function to plug into (|6.1.ip . or rather, simultaneously incorporating the base-change 
transfer results he needed in precisely this case, he found a test function that goes directly into the 
pseudostabilization of (|6.1.ip . This allowed him to prove Theorem l6.3.2l In contrast to the modular 
curve situation, in higher rank the nearby cycles on Scholze's integral models do not directly produce 
distributions in the Bernstein center, and an explicit description of his test functions seems hopeless. 
But nevertheless Scholze was able to prove by indirect means Conjecture 16. 1 . II in this case. 

The description of the nearby cycles in |Sch2) provided one ingredient for Scholze's subsequent 
paper }Sch3j which gave a new and streamlined proof of the local Langlands conjecture for general 
linear groups. 

In later work Scholze |Sch4j formalized his method of producing test functions in many cases, 
using deformation spaces of p-divisible groups, and this is used to give a nearly complete description 
of the cohomology groups of many compact unitary Shimura varieties in his joint work |SS] with 
S.W. Shin; their main assumption at p is that Gq is a product of Weil restrictions of general 
linear groups. The advantage of what we could call the Langlands-Kottwitz-Scholze approach in 
this situation is that it yields in |SS| a new construction of the Galois representations constructed 
earlier by Shin jShj, in a shorter way that avoids Igusa varieties. 

In these later developments, Coniecture l6.1.1l does not play a central part, but the stable Bernstein 
center does nevertheless still play a clarifying role in the pseudostabilization process (e.g. in ISSj ). 
It seems that only certain integral models, such as those we see in many parahoric or pro-p Iwahori 
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level cases, have the favorable property that their nearby cycles naturally give rise to distributions in 
the Bernstein center. It remains an interesting problem to find such integral models in more cases, 
and to better understand the role of the Bernstein center in the study of Shimura varieties. 

9. Evidence for conjectures on transfer of the Bernstein center 

Here we present some evidence for the general principle that the (stable/geometric) Bernstein cen- 
ter is particularly well-behaved with respect to (twisted) endoscopic transfer. The primary evidence 
thus far consists of some unconditional analogues of Conjecture 16.2.31 

Let G/ F be an unramified group, and let Fr/F be the degree r unramified extension of F in some 
algebraic closure of F. In |H091 lllT2J . the author defined base change homomorphisms 

K : Z{G{Fr),Jr) ^ Z{G{F),J), 

where J C G{F) is cither a parahoric subgroup or a pro-p Iwahori subgroup, and where Jr is the 
corresponding subgroup of G{Fr ) . Then we have " base-change fundamental lemmas" of the following 
form|j 

Theorem 9.0.1. For any (j)j. G Z{G{Fj.), J^), the function br{4ir) is a base-change transfer of (j)r in 
the sense of \6.2.1\] . 

By Kottwitz |Ko86| . the function Ij is a base-change transfer of Ij^. Hence for any Vr G 
Rep(^(Gi?^)), Conjecture 16.2.31 predicts that hp^/p{Zv^) * Ij is a base-change transfer of Zy^ * Ij^- 
This is a consequence of Theorem 19.0.11 because of the following compatibility between the base- 
change operations in |H09| IHT2) and in the context of stable Bernstein centers (cf. Prop. lSATj) . 

Lemma 9.0.2. In the above situations, br{Zv^ * Ij^) — ^Fr/piZvr) * Ij- 

Proof. First assume J is a parahoric subgroup. Let x be any unramified character of T{F). It 
is enough to show that the two functions act on the left by the same scalar on every unramified 
principal series representation igix)'' ■ 

Let Nr : T{Fr) -> T{F) be the norm homomorphism. By the definition of 6^ in |H09) . br{ZY^*lj^) 
acts by the scalar by which Zy^ * 1,/^ acts on ig^{x ° Nr)"''' . This is the scalar by which Zy^ acts on 
ig''{x ° Nr), which in view of LLC+ is 

(9.0.1) tr-(^^;^J$J,),K.) = tr-(^J($^),K). 

But the right hand side is the scalar by which bp^/p{ZY^) * Ij acts on J^(x)'^- 

The equality (yS ^jy i^^p) = f'^i^^p) we used in (|9.0.ip follows from the commutativity of the 
diagram of Langlands dualities for tori 

Homco„ts(T(F),CX) H^ontsiWp, ^T) 

Nr Res 

Homeonts(r(F,),CX) i?e'onts(W^F., ""Tr) 

which was proved in |KV| . Lemma 8.1.3. 



Relating to pro-p Iwahori level, a much stronger result is proved in |H12| concerning the base change transfer of 
Bernstein centers of Bernstein blocks for depth-zero principal series representations. 
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Now suppose J = /+ is a pro-p Iwahori subgroup. Then the same argument works given the 
fohowing fact: for any depth-zero character x '■ T{F)i — > C^ and any extension of it to a character 
X on T{F), and any Zr £ Z{G{Fr),I^), the function br{zr) acts on i^ixY by the scalar by which 
Zr acts on ig''{x ° NrY'- . This foUows from the definition of br given in Definition 10.0.3 of [H12j . 
using loc. cit. Lemma 4.2.1. D 



Let us also mention again Scholze's Theorem C in |Sch2j . which essentially proves Conjecture 
l6T3l for GL„ (see Proposition leTil) . 

10. Explicit computation of the test functions 

10.1. Parahoric cases. Conjecture 16. 1 . 1 1 implies that test functions are compatible with change of 
level. Therefore for the purposes of computing them for parahoric level, the key case is where Kp is an 
Iwahori subgroup. Thus, for the rest of this subsection we consider only Iwahori level structure. Since 
test functions attached to quasisplit groups should determine, in an computable way, those for inner 
forms (by Conjecture 17.3.11 and Proposition 111.12^ . it is enough to understand quasisplit groups. 
Via Proposition !?. 2.1] this boils down to giving explicit descriptions of the Bernstein functions z_a,j, 
assuming we have already expressed the test function explicitly in term of these - this is automatic 
for unramified groups using the Kottwitz Conjecture (Conjecture 17. 1.2"]) . 

Let us therefore consider the problem of explicitly computing Bernstein functions Z/j, attached 
to any group G/F and an Iwahori subgroup / C G{F) {F being any local non-archimedean field). 
For simplicity consider the case where G/F is unramified, and regard ^ as a dominant coweight in 
X,,{A). The ^ which arise in Conjecture 17. 1 . 2l are minuscule; however, we consider fi which are not 
necessarily minuscule here. Let W denote the extended affine Weyl group of G over F (cf. ^TT|) . 
Attached to /i is an the fj,-admissible set Adm(/i) C W, defined by 

Adm(^) = {x eW \ X <tx, for some A e W{G, A) ■ fi}, 

where < denotes the Bruhat order on W determined by the Iwahori subgroup / and where t\ denotes 
the translation element in W corresponding to A £ X^,{A). The /i-admissible set has been studied 
for its relation to the stratification by Iwahori-orbits in the local model M'^'^ ; for much information 
see [KR| . |HN02bj . jRa05| . The strongest combinatorial results relating local models and Adm(/i) 
are due to Brian Smithling, see e.g. (Smll[Sm2llSm3| . 

For our purposes, the set Adm(/Lt) enters because it is the set indexing the double cosets in the 
support of Zf^. 

Proposition 10.1.1. The support of Zf^ is the union UxeAdmfu) ^^-^■ 

Proof. This was proved using the theory of alcove walks as elaborated by Gortz [G] , in the Appendix 
to [HRaj . It applies to affine Hecke algebras with arbitrary parameters, hence the corresponding 
result holds for arbitrary groups, not just unramified groups. D 

The following explicit formula was proved in |H01] and in [HPj . Let T^ = Ijxi for x £ W. In the 
formulas here and below, q = p^ is the cardinality of the residue field of F. 

Proposition 10.1.2. Assume fi is minuscule. Assume the parameters for the Iwahori Hecke algebra 
are all equal. Then 



stable Bernstein center and test functions 35 

where x decomposes as x = tx(^x)W € X^,{A) >iW = W and where R^ y{q) denotes the R-polynomial 
of Kazhdan-Lusztig [KLj . and £ the length function, for the quasi- Coxeter group W. A similar 
formula holds in the context of affine Hecke algebras with arbitrary parameters. In the Drinfeld case 
G = GL„ and fi = (l,0"-i),, the coefficient of T^ is (1 - 5)^(*m)-^(^). 

There are also explicit formulas for Bernstein functions z^ when /i is not minuscule, but they 
tend to be much more complicated. For related computations see |HP| and [GHj . 

10.2. A Pro-p Iwahori level case. In the Drinfeld case where Gq = GL„ x Gm and /i = 

(1,0"~^) X 1, and where Kp is a pro-p Iwahori subgroup, an explicit formula for the test function 
(j>r for Sh{G,h^^,KPKp) was found by the author and Rapoport. We shall rephrase this slightly 
by ignoring the Gm factor and giving the formula for G = GL„. 

Proposition 10.2.1 ( [HRa| . Prop. 12.2.1). Let q ~ p^ . Let /+ denote the standard pro-p Iwahori 
subgroup of Gr '■— GL„(Qpr). LetT denote the standard diagonal torus in GL„. In terms of natural 
embeddings T{¥q) '->■ Gr, and w &W ^^ Gr giving elements tw^^ G Gr representing I^\Gr / Ir ! we 
have 

if w ^ Adm(/i) 
(10.2.1) 4>ril+ tw-^ 1+) = <j 0, if we Adm(^) but Nr{t) i Ts(.u,)i^p) 

-1)" {p - l)"-|S(«')l (1 _ qys{n,)\-n-i^ otherwise. 

Here S(w) is the set of critical indices for w, equivalently S{w) is the set of standard basis vectors 
Cj S Z" such that w < t^ in the Bruhat order on W determined by the standard Iwahori subgroup 
o/GL„. 

10.3. Deeper level structures. Here the known explicit descriptions pertain only to G = GL2 
and first were proved by Scholze [Schlj . It remains an interesting question whether one can find 
explicit descriptions of test functions in higher rank groups with arbitrary level structure: even the 
Drinfeld case G = GL„, ^ = (1,0""^) looks difficult, cf. fSch2| . 

To state Scholze's result, we need some notation. As usual let F be a nonarchimedcan local 
field with ring of integers O, uniformizer w, and residue field cardinality q. Let B denote the O- 
subalgebra 1X12(0) of M2(F). For any j G Z set Bj = m^B. Let K — B^ , the standard maximal 
compact subgroup of G = GL2(-F). For n > 1, let Kn = 1 + Bn; so Kn is a principal congruence 
subgroup and is a normal subgroup of K . 

Scholze defines a (compatible) family of functions </)„ e T-L{G,Kn) for n > 1. His definition uses 
two functions, £ : G — > Z U {00} and k : G ^ Z. Let £{g) = val o dct(l — g). Let k{g) be the unique 
integer k such that g e Bk and g ^ Bk+i. By definition ^„ is unless val o det{g) = 1, tT{g) G O, 
and g £ -Bi-n. Assume these conditions, in which case one can check that 1 — n < k{g) < and 
£{g) > 0. Now define 

if tr(5) e wO, 
ii9)-= {l- q^^^^\ if tr(5) G O^ and £{g) <n + k{g), 

q2{n+k{g))-l _ jf ^-^(-^) ^ 0X j^^j (J^g^^ > ^ _,_ ^(^^^ 

Proposition 10.3.1. (Scholze [Schlj ) For each n > \, the function Zn :— \37i^ i ■ 4'n belongs 
to the center Z(Glj2{F),Kn), and the family (z„)„ is compatible with change of level and thus 
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defines a distribution in the sense of \3.2.1\) . This distribution is q^'^Zy where V is the standard 
representation C^ of the Langlands dual group GL2 (C) . 

In an unpublished work, Kottwitz gave another proof of this proposition and also described the 
same distribution in terms of a family ($„)„ of functions $„ G Z{GL2{F), /„) where /„ ranges over 
the " barycentric" Moy-Prasad filtration in the standard Iwahori subgroup / C GL2(-F'). 

By a completely different technique, in jVarj Sandeep Varma extended both the results of Scholze 
and Kottwitz stated above, by describing the distributions attached to F = Sym''(C'^) where r is 
any odd natural number less than p, the residual characteristic of F. 



11. Appendix: Bernstein isomorphisms via types 

11.1. Statement of Purpose. Alan Roche proved the following beautiful result in [Roc] . Theorem 
1.10.3.1. 

Theorem 11.1.1 (Roche). Let e be an idempotent in the Hecke algebra H = H{G{F)). View H 
as a smooth G{F)-module via the left regular representation, and write e = X^seS ^^ according to 
the Bernstein decomposition % = ®sgg^5- Let ©e = {s G © | e^ 7^ 0}, and consider the category 
mP-{G{F)) = Hoeee ^^{G{F)) and its categorical center 3®" = Ilseee ^o- Let Z{eHe) denote the 
center of the algebra eHe. 

Then the map z 1—^ z(e) defines an algebra isomorphism 3 — ? Z{eHe). 

Roche's proof is decidedly non-elementary: besides the material developed in |Rocj . it relies 
on some deep results of Bernstein cited there, most importantly Bernstein's Second Adjointness 
Theorem and the construction of an explicit progenerator for each Bernstein block 9l^(G(F)). 

In this paper we use only the very special case of Roche's theorem where e = ej for a parahoric 
subgroup J C G{F). We will explain a more elementary approach to this special case. It will rely 
only on the part of Bernstein's theory embodied in Proposition 111.7751 below. Formally, the inputs 
needed are, first, the existence of Bernstein's categorical decomposition D\{G) — Hs^sC^)' which 
is proved for instance in |Roc| . Theorem 1.7.3.1 in an elementary way, and, second, the internal 
structure of the Bernstein block 9^5 (G) associated to a cuspidal pair s — [{M{F), x]g where M is a 
minimal F-Levi subgroup of G and x is a character on M(F) which is trivial on its unique parahoric 
subgroup. For such components, progenerators can be constructed in an elementary way, without 
using Bernstein's Second Adjointness Theorem. In fact in what follows we describe this internal 
structure using a few straightforward elements of the theory of Bushnell-Kutzko types, all of which 
are contained in |BKj . 

For e = cj Roche's theorem gives the identification of the center of the parahoric Hecke algebra, 
in other words a Bernstein isomorphism for the most general case, where G/F is arbitrary and 
J C G{F) is an arbitrary parahoric subgroup. However we will provide a proof only for the crucial 
case of J = /, an Iwahori subgroup of G{F). The general parahoric case should follow formally 
from the Iwahori case, following the method of Theorem 3.1.1 of |H09j . provided one is willing to 
rely on some basic properties of intertwiners for principal series representations (a purely algebraic 
theory of such intertwiners was detailed for split resp. unramified groups in |HKPj resp. [HO 7) . and 
the extension to arbitrary groups should be similar to [HO 7) ) . 
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The Iwahori case is approached in a different way by S. Rostami |Ro] . Rostami's proof yields more 
information, describing the Iwahori-Matsumoto and Bernstein presentations for the Iwahori-Hecke 
algebra and deducing the description of its center from its Bernstein presentation. 

11.2. Some notation. The notation will largely come from [HRoj . Recall L — F^" and let 

a e Aut(L/F) the Frobenius automorphism, which has fixed field F. We use the symbol Ag as an ab- 
breviation for X* {Z{G))'J . Moreover, if S denotes a maximal i-split torus in G which is defined over 
F, with centralizer T = Centals'), then fie wih denote the subgroup of W?™ = Ng{S){L)/T{L)i, 
the extended affine Weyl group for G/L, which preserves the alcove a in the apartment S corre- 
sponding to S, in the building B{G,L) of G over L. 

As always, we let / be the Iwahori subgroup / = Ga^^p), which we recall we have chosen to be 
in good position relative to A: the corresponding alcove a'^ C B{G, F) is required to belong in the 
apartment A corresponding to A. 

Let vf G a"^ be a special vertex with corresponding special maximal parahoric subgroup K = 
g°iiOF). Thus if D/. 

Recall M is a minimal F-Levi subgroup of G. Further, if / is an Iwahori subgroup of G{F), then 
I]\f :— M{F)r\I ~ M{F)i is the corresponding Iwahori subgroup of M(F) (cf. |HRo| . Lemma 4.1.1). 

Use the symbol 1 to denote the trivial 1-dimensional representation of any group. 

11.3. Preliminary structure theory results. Several of the results discussed here were proved 
independently by S. Rostami and will appear with somewhat different proofs in [Roj . 



11.3.1. Iwahori-Weyl group over F . The following lemma concerns variations on well-known results, 
and were first proved by Timo Richarz |Ri[ . 

Let Gi denote the subgroup of G{F) generated by all parahoric subgroups of G{F). By [HRaj . 
Lemma 17 and [Rl], we have Gi = G{F)i. Let A^i = Ng{A){F) n Gi, and let S denote the set of 
reflections through the walls of a. Then by |BT2j . Prop. 5.2.12 the quadruple (Gi,/, A^i,S) is a 
(double) Tits system with affine Weyl group WaS = Ni/I O Ni, and the inclusion Gi — > G{F) is 
SA^-adaptecO of connected type. 

Lemma 11.3.1 (T. Richarz [Rl]). (a) Let Mi — M{F)i. Define the Iwahori-Weyl group as 

W := Nq{A){F)/Mi. Then there is an isomorphism W = W^ff xi Aq, which is canonical 
given the choice of base alcove a. This gives W the structure of a quasi- Coxeter group. 
(b) If S (Z G is a maximal L-split torus which is F -rational and contains A, and if we set T := 
CentG(S') and W?™ := Ng{S){L)/T{L)i, then the natural map Ng{S){LY ^ Ng{A){F) 
induces an isomorphism {W™^Y ~^ ^• 

Thus, in light of (b) we may reformulate the Bruhat-Tits decomposition of [HRaj . Prop. 8 and 
Rem. 9, as follows. 

Lemma 11.3.2. The map Ng{A){F) — > G{F) induces a bijection 

(11.3.1) W = I\G{F)/I. 



In loc. cit. the symbol B is used in place of /. 
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Further, the Bruhat order < and length function t on Wag extend in the usual way to W , and 
we have for w €W and s E W^s representing a simple affine reflection, the usual BN-pair relations 

{Iswl, if w < sw 
Iwl U Iswl, if sw < w. 

11.3.2. Iwahori factorization. Let P — MN be an _F-rational parabolic subgroup with Levi factor 
M , unipotent radical N and opposite unipotent radical N . Let//f — I O H for H ~ N, N, or M. 

Lemma 11.3.3. In the above situation, we have the Iwahori factorization 

(11.3.3) I = In- hi ■ Iw 

Proof. We use the notation of [BT2j . By loc. cit. 5.2.4 with il := a, we have 

where N°1 := N^ D 3°(0^)Ui. Since 3°(C^)Ui C C5°(0^), we have 

N°^ = 7V^n©°(C'^)=3°(0^). 

The key inclusion here, iV'in©°(0'i) C y{0^), translates in our notation to NG{A){F)nl C M{F)i, 
which can be deduced from Lemma ril.3.ir a). 

Translating again back to our notation we get I = In ■ Ijj' ■ Im which is the desired equality since 

In- n 



11.3.3. OnM{Ff/M{F) 



1- 



Lemma 11.3.4. The following basic structure theory results hold: 

(a) In the notation of [HRo] . we have M{FY/M{F)i = K/K, which injects into G{F)'^ /G{F)i. 
Thus M{F)i = M{Fy n G{F)i. 

(b) The Weyl group W{G,A) acts trivially on M{Ff/M{F)i. 

(c) Let a C B{G, L) denote the alcove invariant under the group Aut(L/F) D (a) which 
corresponds to the Iwahori I C G{F). We assume I d K. Then the naive Iwahori 
I := G{F)^ n Fix(a'^) has the following properties 

• m{fY/m{f)i = i/i = k/K. 

• i = I-M{Ff. 

Proof. Part (a): in the notation of |HRo| . we know that Ai/tors — K/K (loc. cit. Proposition 11.1.4). 
Applying this to G = M we get AM.tors = M{Ff/M{F)i. So M{FY/M{F)i = K/K. By (8.0.1) 
and Lemma 8.0.1 in |HRo| . the latter injects into G{FY /G{F)i. The final statement follows. 

Part (b): By [HRo] . Lemma 5.0.1, W{G,A) has representatives in K f] Ng{A){F). Thus it is 
enough to show that li n e K C\ Ng{A){F) and m e M(F)^, then nmn^^m^^ e M{F)i. This 
follows from (a), since we clearly have nmn^^m^^ G M{FY H G{F)i. 

Part (c): First note that M(F)^ C / and M{F)i C /. Thus there is a commutative diagram 

/// *- k/K 

M{Fy/M{F)i 
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The oblique arrow is bijective by (a). We claim the horizontal arrow is injective, that is, I O K = I. 
But i n K = G{Fy n Fix(a'^) n G{F)i n Fix(wF), where vp is the special vertex in B{Gi,d,F) 
corresponding to K (cf. |HRo], Lemma 8.0.1). Thus inK = G{F)i n Fix(a'^) = / by Remark 8.0.2 
of |HRo] . It now follows that all arrows in the diagram are bijective. This implies both statements 

in (c). D 

Remark 11.3.5. Let P ~ MN be as above. We deduce from (c) and (|11.3.3p the Iwahori factor- 
ization for / 

(11.3.4) I = In ■ M{F)^ ■ Ij^, 
using the fact that M{F)^ normalizes In and Ijg-. 

11.3.4. Iwasawa decomposition. Next we need to establish a suitable form of the Iwasawa decompo- 
sition. Let P = MN be as above. 

Lemma 11.3.6. The inclusion Nq(A){F) m> G{F) induces bijections 

(11.3.5) W := Ng{A){F)/M{F)i => M{F)iN{F)\GiF)/I 

(11.3.6) W{G, A) = Ng{A){F)/M{F) => P{F)\G{F)/I. 

Proof. In view of the decomposition W = i^1,j x W{G, A) (cf. Lemma 3.0.1(111) of |HRo| plus Lemma 
111.3. ir b)) and the Kottwitz isomorphism f}^ ^ M{F)/M{F)i (cf. Lemma 3.0.1 [HHo] ). it suffices 
to prove (|11.3.5p . 

For X e B{G,F), let Px C G{F) denote the subgroup fixing x. By [Land], Proposition 12.9, we 
have 

G{F)^NiF)-NG{A){F)-Px. 

For sufficiently generic points x S a"', we have Px — I, which is M{F)^I by Lemma ril.3.4f c). Since 
M(F)i C Ng{A){F), we have G{F) = N{F) ■ Ng{A){F) ■ I and the map (|11.3.5p is surjective. 

To prove injectivity, assume ni — umo ■ n2 ■ j for u G N{F)^ mg € M{F)i, rii,ri2 G Ng{A){F)^ 
and j e /. There exists z e Z{M){F) such that zuz^^ £ In (cf. e.g. jBK| . Lemma 6.14). Then 

zn2 = {zuz^ )inQ ■ zn2 ■ j G Izn2l, 

and so by (|11.3.1I) . zn2 = zn2 modulo M{F)i. D 

Lemma 11.3.7. If x,y e W and M{F)iN{F)xI Ci lyl ^ 0, then x < y in the Bruhat order on W 
determined by I . 

Proof. This follows from the BN-pair relations (|11.3.2I) as in the proof of the Claim in Lemma 1.6.1 
of [HKPJ. D 

11.3.5. The universal unramified principal series module M.. Define 

M = Cc{M{F)iN{F)\G{F)/I). 

The subscript "c" means we are considering functions supported on finitely many double cosets. 
Some basic facts about M we given in |HKP) for the special case where G is split, and here we need 
to state those facts in the current general situation. 

Abbreviate by setting H = n{G{F),I) and R = C[Am]. Then f e H acts on the left on M 
by right convolutions by /, which is defined by /(<?) — fid^^)- The same goes for the normalized 
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induced representation ip{x)^ = Indp((5p' x)^ ^ where x is a character on M{F)/M{F)i. Moreover, 
R acts on the left on M by norniahzed left convolutions: for r <E i? and (f) <E M, m G M(F), 

{r ■ (t)){m) ^ j r{y)6y'^{y)(j){y'^m)dy 

J M(F) 

where ^o\dtj{M{F)i) = 1. The actions of R and H commute, so M is an (_R, iJ)-bimodule. 

Lemma 11.3.8. The following statements hold. 

(a) Any character x"^ '■ M{F)/M{F)i — > C^ extends to an algebra homomorphism x^^ : R — > 
C, and there is an isomorphism of left H -modules 

(b) For w £ W{G,A) =: W, set Vw — iM{F)iN(F)wi G M. Then M is free of rank 1 over H 
with canonical generator Vi . 

(c) M is free as an R-module, with basis {vw}wew- 

Proof. The proofs for (a-b) are nearly identical to their analogues for split groups in [HKP] . Part 
(a) is formal. Part (b) relies on the Bruhat-Tits decomposition (lll.3.ip . the Iwasawa decomposition 
(|11.3.5p . and Lemma [UXll 

Part (c) was not explicitly mentioned in jHKPj . But it can be proved using (|11.3.5p along with 
the relations analogous to [HKPj . (1.6.1-1.6.2), for which the Iwahori factorization (|11.3.3p is the 
main ingredient. D 

11.4. Why (M(F)i, 1) is an 6jif-type. We let x range over the characters of M(F) 7*^(^)1- Let 
X denote any extension to a character of the finitely generated abelian group M{F)/M{F)i. Fix one 
such extension xq. Note that the inertial class [M{F),xo]m consists of all pairs {M{F),x), since 
M(_F)-conjugation does not introduce any new characters on M{F). Therefore we may abuse nota- 
tion and denote this inertial class by [M(F), x]m =: s^- Let &m '■— {[M{F), x]m \ x ranges as above} 
This is a finite set of inertial classes, in bijective correspondence with M{F)^ /M{F)i. 

Proposition 11.4.1. The pair {M{F)i, 1) is a Bushnell-Kutzko type for &m- 

Note: This proposition simply makes precise the last paragraph of |BK] . (9.2). 

Proof. Let a be an irreducible smooth representation of M{F). We must show that a ~ xioT some 

X iEa\M(F)i ^ 1- 
(^): Obvious. 

(-4=): We see that a 3 v ^ on which M{F)i acts trivially. Since a is irreducible, it coincides with 
the smallest M(F)-subrepresentation containing v, and then since M{F)i<iM{F), we see that M{F)i 
acts trivially on all of a\ further, a is necessarily finite-dimensional over C. Since M{F)/M{F)i is 
abelian, a contains an M(_F)-stable line, since a commuting set of matrices can be simultaneously 
triangularized. This line is all of a since a is irreducible. Thus a is 1-dimensional, and so cr = x for 
some X- n 
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11.5. Why (7,1) is an ©c-type. We define &g = {^g I Wa/ € ©m}- The map [M,x]m ^ 
[M,x]g is injective: if [M, xi]g = [M,X2]g, then there exists n g Ng{A){F) such that "(xi) = X211 
for some character rj on M{F)/M{F)^. Restricting to M{FY and using "(xi) = Xi (Lemma 
lll.3.4r b)). we see xi = X2- So ©71/ = ©g via [t]M ^ Wg- 

We saw above that {M{F)i, 1) is an ©jf-type. The fact that (/, 1) is an ©g-type follows from 
[BKj . Theorem 8.3, once we check the following proposition. 

Proposition 11.5.1. The pair (/, 1) is a G- cover for {M{F)i,l) in the sense of |BK] . Definition 
8.1. 

Proof. We need to check the three conditions (i-iii) of Definition 8.1. First (i), the fact that (/, 1) is 
decomposed with respect to (M, P) in the sense of loc. cit. (6.1), follows from the Iwahori factoriza- 
tion I = If^ ■ If^j ■ I-^ discussed in Remark Til. 3. 5 1 The equality / n M{F) — M{F)i gives condition 
(ii). 

Finally we must prove (iii): for every i^-parabolic P with Levi factor M, there exists an invertible 
element of 'H{G{F),I) supported on Izpl, where zp belongs to Z{M){F) and is strongly {P,I)- 
positive. The existence of elements zp e Z{M){F) which are strongly (P, /)-positive is proved in 
loc. cit. Lemma 6.14. Any corresponding characteristic function lizpi is invertible in H{G{F),I), 
as follows from the Iwahori-Matsumoto presentation of 'H{G{F)^I). (This presentation itself is easy 
to prove using pi.3.2p .) D 

11.6. Structure of the Bernstein varieties. Let ?l(G) denote the category of smooth representa- 
tions of G{F), and let fH^(G) denote the full subcategory corresponding to the inertial class [M, x]g- 
That is, a representation (tt, V) G D\{G) is an object of Dl^{G) if and only if for each irreducible 
subquotient n' of tt, there exists an extension x of x such that tt' is a subquotient of Indp{Sj x). 

We review the structure of the Bernstein varieties X^ and X*^. In this discussion, for each x we 
fix an extension x of X once and for all - the structures we define will be independent of the choice 
of X, i.e. uniquely determined by (Af , x) up to a unique isomorphism. 

As a set X^ (resp. X*^) consists of the elements (M, x?7)g (resp. (M, x'7)Af) belonging to the 
inertial equivalence class [M, x]g (resp. [M, x]m) as r/ ranges over the set X{M) of unramified 
C^ -valued characters on M{F) (unramified means it factors through M{F)/M{FY). 

The map X{M) —> X*^, ry n- (M, xv)m, is a bijection. Since X{M) is a complex torus, this gives 
X^^ the structure of a complex torus. More canonically, X*^ is just the variety of all extensions x 
of X, and it is a torsor under the torus X{M). 

Now fix X again. There is a surjective map 

■\yAI , 'V-G 

{M,xv)m ^-> {M,X1])g. 

Since W := W{G,A) acts trivially on M{Fy/M{F)i fLemma flLO)) . one can prove that the fibers 
of this map are precisely the VF-orbits on X^. Thus as sets 

H/\Xf = X^, 

and this gives X^ the structure of an affine variety over C Having chosen the isomorphism X{M) = 
X^ as above, we can transport the VF-action on X*^ over to an action on X{M). This action 
depends on the choice of x o,'>^d is the not the usual action unless x ** W -invariant. We obtain 
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X^ = W\j^X{M), where the latter denotes the quotient with respect to this unusual action on 
X{M). 

Let C[X?^] denote the ring of regular functions on the variety X'^. The algebraic morphism 
X^ — ^ X^ induces an isomorphism of algebras 

(11.6.1) C[X^]=?C[Xf]^. 

11.7. Consequences of the theory of types. Let us define convolution in H{G{F),I) using the 
Haar measure dx on G{F) which gives / volume 1. Let Z{G{F),I) denote the center oiT-L{G{F), I). 
We define for each x e {M{F)'^ /M{F)i)'^ a function e^ e l-i{G{F)J) by requiring it to be 
supported on /, and by setting e^(y) = Yo\dx{I)~^ x{y)~^ if y € -^- Here we regard x as a character 
on /// (cf. Lemma ril.3.4p and let v € /// denote the image oiv. liy — n^-m^ -n^ € Im-M{FY -Ij^, 
then e^{y) = volrf^(/)-i xim^T^- 

Lemma 11.7.1. The functions {ex\x 9™^ '^ complete set of central orthogonal idempotents for 

n{G{F),I): 

(a) e^^Z{G{F),I); 

(b) e^e^' — (5^.^/6^, there (5^,^' *■' ^^^ Kronecker delta function; 

(c) l/ = Exex- 

Proof. The proof is a straightforward exercise for the reader. For parts (a-b), use the fact that M(F)^ 
normalizes /, that G{F) = I ■ Ng{A){F) ■ J, and that W{G, A) acts trivially on M{FY/M{F)i (cf. 
Lemma HOH). D 

Proposition 11.7.2. The idempotents e^ are the elements in the Bernstein center which project 
the category 3^(G) onto the various Bernstein components 91;^ (G). That is, there is a canonical 
isomorphism of algebras 

n{G{F),I)=lle^n{G{F),I)e^ 

X 

and, for any smooth representation {7t,V) G 9\{G), the G{F)-module spanned by the x-'i-sotypical 
vectors V^ — T:{e^)V is the component of V lying in the subcategory '^{^{G). Finally, 

e^n{G{F)J)e^^n{G{F),i,x). 
the right hand side being the algebra of Fbi-invariant C-valued functions f G Cc{G{F)) such that 
f{hgi2) = x(*i)~V(ff)x(«2)"^ for all g £ G{F) and 11,12 € /. 



The following records the standard consequences of the fact that (/, 1) is an ©c-type (see |BKj . 
Theorem 4.3). Let 91/ (G) denote the full subcategory of D\{G) whose objects are generated as 
G-modules by their /-invariant vectors. 

Proposition 11.7.3. As subcategories ofD\{G), we have the equality D\j{G) — Yix^xi^)- ^"' 
particular, an irreducible representation (tt, V^) g $H(G) belongs to CH/(G) if and only if t: € 9{^{G) 
for some x- Furthermore, there is an equivalence of categories 

$K/(G) => •H(G(i^),/)-Mod 

Finally, Z{G{F),I) is isomorphic with the center of the category ny^x(^)' which according to 
Bernstein's theory is the ring JlvCiX^]. 
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Concretely, the map Z{G{F),I) — >■ Y[^ C[X^], z !—> z, is characterized as fohows: for every x and 
every {M,x)g €X^, ze Z{G{F),I) acts on IndfiSp^^xY by the scalar z{x)- 

Let us single out what happens in the special case of G = M. We can identify H{M{F), M{F)i) — 
C[Am]- Let e*^ denote the idempotent in 'H{M{F),M{F)i) analogous to e^, for the case G — M. 
By Propositions 111. Ol and 111. 7.31 for G — M, we have 

(11.7.1) H(M(F),M(F)i) = J]ef H(M(i^),M(i^)i)ef = H^iXf ], 

X X 

the last equality holding since 7i{M{F),M{F)i) is already commutative. Thus, the ring 

efH(A/F),A/(F)i)ef 

can be regarded as the ring of regular functions on the variety X^^ of all extensions x of X- 

11.8. The embedding of C[Am]^ into Z{G{F), I). We make use of the following special case of 
a general construction of Bushnell-Kutzko [BKj : for any _F-parabolic P with Levi factor M, there 
is an injective algebra homomorphism 

tp : H{M{F),M{F)i) -^ H{G{F), I) 

which is uniquely characterized by the property that for each (tt, y) e $H/(G), w G V^^, and h G 
'H{M(F),M{F)i), we have the identity 

(11.8.1) q^[tp{h)-v)^h-q,{v). 

Here g^ : V^ ^ V^ is an isomorphism, which is induced by the canonical projection V —>■ Vn 

to the (unnormalized) Jacquet module. See IBK] . Theorem 7.9. 

It turns out that it is better to work with a different normalization. We define another injective 
algebra homomorphism 

9p:n{M{F),M{F)i) -^ n{G{F),I) 

h H' tp{5p^''^h). 

Then using (|11.8.ip dp satisfies 

(11.8.2) qA0p{h) ■ v) = {5p"''h) ■ q^{v). 

We view x as a varying element of the Zariski-dense subset S of the variety of all characters on the 
finitely-generated abelian group M(F)/M(F)i, consisting of those regular characters x such that 
^(x) '■— *p(x) '■= Indp((5p' x) is irreducible as an object of $H(G). We apply the above discussion 
to the representations V :— V{x) with x £ S. By a result of Casselman | Cas] . we know that as 
M(F)-modules 

Vn^ 0<5y^(-x) 

and that M{F)i acts trivially on this module. Now suppose h € C[Am]^- Then Sp h acts on 
Vn — V]^ by the scalar h{x) (viewing /i as a regular function on X^^). It follows from (|11.8.2p 

that 

9p{h) acts by the scalar h{x) on ip{x)^ , for X ^ S. 
Now let / € if be arbitrary, and set e :— f * Op{h) — 9p(h) * f E H . We see that 

(11.8.3) e acts by zero on i^ixY for every xE S. 
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We claim that e = 0. Recall that e G H gives an i?-linear endomorphism of M, hence by 
Lemma ril.3.8f c') may be represented by an \W\ x \W\ matrix E with entries in R. Now Spec(i?) = 
Spec(C[AM]) is a diagonalizable group scheme over C with character group Anj. Hence i? is a 
reduced finite-type C-algebra and its maximal ideals are precisely the kernels of the C-algebra 
homomorphisms x~^ : i? — > C coming into Lcmma Ff l-S-Sf aV By that Lemma and (|11.8.3p . we see 
that E = (modm) for a Zariski-dense set of maximal ideals m in Spec(i?). Since R is reduced 
and finite-type over C, this implies that the entries of E are identically zero. This proves the claim 
because M is free of rank 1 over H (Lemma 111. 3. Sf b)). 

Since / was arbitrary, we get Op{h) e Z{G{F),I), as desired. We have proved the following 
result. 

Lemma 11.8.1. The map 6p : C[Am] -^ H{G{F),I) restricts to give an embedding C[Am]^ ^^ 
Z{G{F),I). 

11.9. The center of the Iwahori-Hecke algebra. 

Theorem 11.9.1. The map Op gives an algebra isomorphism C[Aa/]^ ~^ Z{G{F),I). Further, 
this isomorphism is independent of the choice of parabolic P containing M as a Levi factor. 

Proof. The description of 9p above, and the preceding discussion, show that we have a commutative 
diagram 



Z(G(F),/)— ^nxC[x^]. 

The left vertical arrow is bijective because the right vertical arrow is, by ()11.6.ip . D 

11.10. Bernstein isomorphisms and functions. Putting together Roche's theorem 1 1 1 . 1 . II with 
Thcorem lll.9.11 we deduce a more general result that holds for any parahoric subgroup J D L 

Theorem 11.10.1. The composition 

(11.10.1) C[Am]^ ^^ ZiG{F), I) ^^ ZiGiF), J) 

is an isomorphism. We call this map the Bernstein isomorphism. 

Definition 11.10.2. Given /i e Am, we define the Bernstein function z^ E Z{G{F), J) to be the 
image of the symmetric monomial function X^AeWu ^ ^ C[A7v/]^ under the Bernstein isomorphism 
(111. 10.11) . 

11.11. Compatibility with constant terms. Recall M = GentaiA) is a minimal F-Levi subgroup 
of G and P — MN is a minimal _F-parabolic subgroup with Levi factor M and unipotent radical 
N. Let Q — LR be another F-parabolic subgroup with F-Levi factor L and unipotent radical R. 
Assume Q ^ P; then L Z) M and R C N. Further L contains a minimal F-parabolic subgroup 
L n P = M ■ {L n N), and N = L n N ■ R. 

If J C G{F) is a parahoric subgroup corresponding to a facet in the apartment of the Bruhat-Tits 
building of G{F) corresponding to A, then J^ := Jn L is a parahoric subgroup of L{F) (by [HRoj . 
Lemma 4.1.1). 
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Given / e HiGiF), J), define f'-^^ G n{L{F), Jl) by 

/W)(/) = 5]^\l) f f{lr)dr = 6q'/'{1) f f{rl)dr, 

J R JR 

where Yo\dr{J C\ R) = 1. An argument similar to Lemma 4.7.2 of |H09| shows that / h^ /''3) sends 
Z{G{F), J) into Z{L{F), Jl), and determines a map c£ making the following diagram commute: 

(11.11.1) C[Am]^(^'^' ^^^ 2(G(F), J) 



The diagram shows that c^ is indeed an (injective) algebra homomorphism and, as the notation 
suggests, is independent of the choice of parabolic subgroup Q having L as a Levi factor. We call 
c'f the constant term homomorphism. 

By its very construction, the map 9m ■ C[Am] — > 'H{M{F),M{F)i) has its inverse induced by the 
Kottwitz isomorphism hm{F) : M{F)/M{F)i ^ Am- By taking L ^ M in (jll.ll.ip . this remark 
allows us to write down the inverse of 9p in general. 

Corollary 11.11.1. The composition km{F) o c^ takes values in ^[Km]^ o,nd is the inverse 

of the Bernstein isomorphism Op. 

11.12. Transfer homomorphisms. 

11.12.1. Construction. Transfer homomorphisms were defined for special maximal parahoric Hecke 
algebras in ( HRo| . By virtue of the Bernstein isomorphisms (|11.10.1|) . we can now define these 
homomorphisms on the level of centers of arbitrary parahoric Hecke algebras. 

Let us recall the general set-up from jHRo] . §11.2. Let G* be a quasi-split group over F. Let 
F^ denote a separable closure of F, and set F = Ga\{F^ / F) . Recall that an inner form of G* is a 
pair (G, ^) consisting of a connected reductive F-group G and a F-stable G*(j(F*)-orbit ^ of F'^- 
isomorphisms ^j : G ^ G* . The set of isomorphism classes of pairs (G, ^) corresponds bijectively to 
H\F,Gl^). 

Fix once and for all parahoric subgroups J C G{F) and J* C G*{F). Choose any maximal F-split 
tori A <Z G and A* C G* such that the facet fixed by J (resp. J*) is contained in the apartment of 
the building B{G,F) (resp. B{G*,F)) corresponding to the torus A (resp. A*). Let M ^ CentG(A) 
and T* = Centc. {A* ) , a maximal F-torus in G* . 

Now choose an F-parabolic subgroup P <Z G having M as Levi factor, and an F-rational Borel 
subgroup B* C G* having T* as Levi factor. Then there exists a unique parabolic subgroup P* C G* 
such that P* D B* and P* is G*(F'')-conjugate to V'(-P) for every V" € *. Let M* be the unique 
Levi factor of P* containing T* . Then define 

*M = {V^ e * I V(^) = P*, i'{M) = M*}. 

The set *m is a nonempty F-stable M*^(F'*)-orbit of F'^-isomorphisms M -J> M*, and so (M, *m) 
is an inner form of M*. Choose any ipo G ^m- Then since V'ol^ is F-rational, iIjq{A) is an F-split 
torus in Z{M*) and hence Vo(^) C A*. 

Now ipo induces a F-equivariant map Z{AI) ^ Z{M*) ^->- T* and hence a homomorphism 

tA',A ■■ C[A*(f5)*^]'^(^*'^*) -^ C[A*(Z(M))f^]^('=^''^), 
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where (•)* designates the Galois action on G* (for Weyl-group equivariance see |HRoj . §12.2). Since 
^M is a torsor for M*^ this homomorphism does not depend on the choice of ^o G ^m- Further, it 
depends only on the choice of A* and A, and not on the choice of the parabolic subgroups P D M 
and B* D T* we made in constructing it. 

Definition 11.12.1. Let J C G{F) and J* C G*{F) be any parahoric subgroups and choose 
compatible maximal i^-split tori A resp. A* as above. Then we define the transfer homomorphism 
t : Z{G*{F),J*) — > Z{G{F), J) to be the unique homomorphism making the following diagram 
commute 

Z(G*(F), J*) *- ^ Z{G{F), J) 



where the vertical arrows are the Bernstein isomorphisms. 

By |BT2] . 4.6.28, any two choices for A (resp. A*) are J-(resp. J*-)conjugate. Using Corollary 
111.11.11 it follows that t is independent of the choice of A and A* and is a completely canonical 
homomorphism. 



Remark 11.12.2. The map 



tA',A : X*{T*)ff ^ X*{Z{M))f^ 



is surjective. Via the Kottwitz homomorphism we may view this as the composition 

(11.12.1) T*{F)/T*{F)i s- M*{F)/M*{F)i -^^ M{F)/M{F)i 

where the first arrow is induced by the inclusion T* '-> M* . It is enough to observe that M* (F) = 
T*{F) ■ M*{F)i, which in turn follows from the Iwasawa decomposition (cf. (|11.3.6p ) for M*{F), 
which states that M*{F) = T*{F) ■ Ulj, (F) ■ Km- for an i^-rational Borel subgroup B*j, = T* ■ C/*^. 
and a special maximal parahoric subgroup K]\it in M*, and from the vanishing of the Kottwitz 
homomorphism on t/^f * i-^) ' ^M* ■ 

11.12.2. Normalized transfer homomorphism. The transfer homomorphism is slightly too naive, and 
it is necessary to normalize it in order to get a homomorphism which has the required properties. We 
need to define normalized homomorphisms tA',A on Weyl-group invariants, for which the following 
lemma is needed. 

Lemma 11.12.3. Recall that T* = GeTitQ*[A*) is a maximal torus in G* defined over F; let S* 
be the F^™-split component of T* , a maximal F^'^-split torus in G* defined over F and containing 
A* . We have T* = CentG'.(A*) = CentG'.(S'*). Choose a maximal F^'^-split torus S (Z G which 
is defined over F and which contains A, and set T — Cento (S'). Choose "00 G ^a/ such that ipQ is 
defined over _F^" and satisfies ipo{S) = S* and hence ipo{T) = T* . Then the diagram 

W{G,A) ^^- ^W{G*,A*)/W{M*,A*) 



[W(G,S)/W{M,S)]'^'' — 5- [W(G*,S*)/W{M*,S*)]'^'^ 
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defines a bijective map ipo- ^^ depends on the choice of the data P.B* used to define ^m o,nd M* , 
hut it is independent of the choices of S and i/'o G ^ m with the stated properties. 

Proof. The left vertical arrow is |HRo] . Lemma 6.1.2. The right vertical arrow is described in 
loc. cit. Proposition 12.1.1. The proof of the latter justifies the lower horizontal arrow. Indeed, 
given w £ W{G,A) we may choose a representative n S Nc{S){L)'^'' (cf. jHRoj ). We have ^p^^ o 
^*p o ^qo ^p^ — Int(m$) for some m$ e TVa/ (S')(i^'*). Since n is $i?-fixed, we get 

*f(V'o(»^)) = V'o(?i) ■ [V'o(")~Vo(™*)V'o(»^)V'o(™*)^^]- 

As n normalizes M and hence V'ol") normalizes M*, this shows that ijjQ{n)W{M* , S*) is $|^-fixed. 

There exists m* e Nm'-{S*){L) such that ■(/'o("-)to,* G Ng'-{A*){F). Then ipl{w) is the image of 

ipo{n)m^ in W{G* , A*)/W{M* , A*). The independence statement is proved using this description. 

D 

Via the Kottwitz homomorphism we can view tA*,A as induced by the composition (|11.12.ip . We 
now alter this slightly. 

Lemma 11.12.4. Given the choices of P Z) M and B* D T* needed to define ^m and given any 
F^'^ -rational ipa G ^m, we define an algebra homomorphism 

(11.12.2) C[r*(i^)/r*(F)i] — > C[M{F)/M{F)i] 

E«*-^*^E( E at.Ssl/\t*)S'J'{m))-m, 

where f ranges over T^{F)/T^{F)i and m ranges over M{F)/M{F)i and t^ \-^ m means that 
%\t*) e mM{F \, (cf 111.12.1] )). 

Then ill. 12. 2]) takes W{G*, A*) -invariants to W{G, A) -invariants, and the resulting homomor- 
phism 

is independent of the choices of P, B* , and F^'^ -rational ijJq G ^m- 

Proof. To check the Weyl-group invariance, we may fix P and B*, and choose S and ipo as in 
Lemma Til. 12. 31 Suppose J2f ^t*t* is PF(G*, A*)-invariant. We need to show that the function on 

M{F)/M{F)i 

(11.12.3) rn^ Y. at'Ssl^^{t*)Sy^{m) 

is W{G, A)-invariant, and independent of the choice of P and B* . 

For vu e W{G, A) choose n and m* as in the proof of Lemma [11.12.31 and define n' by V'o("') = 
ipo(n)m*^. Thus -0o('^') € Ng*{A*){F) and hence it normalizes T*{F). 

We claim that ()11.12.3p takes the same values on mM{F)i and on "mM(F)i. First we observe 
that "mM{F)i — "'mM(F)i. Setting m„ := '0(7^(to*), it is enough to prove "'"TOM(i^)i = 
mM{F)i. But as f/'o is i-rational we have to„ S M{L) and so conjugation by to„ induces the 
identity map on M{L)/M{L)i and hence on its subset M{F)/M{F)i as well. 

Now we write the value of (|11.12.3p on " mM{F)i as 

E a,,,5-si'\tn5Tr'm). 
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Setting t* = "^ot"') t** and using at* = at*, (which follows from W^(G'*, A*)-invariance), we write 
the above as 

The index set is stable under the W^(M*, A*)-action on T*{F)/T*(F)i. If we look at the sum over 
the VF(M*, A*)-orbit of a single element ip, with stabilizer group Stab(tQ), we get 

(11-12.4) ,^ ], ,, • at* • y <5„y'(^»("')^<5), 

^ ' |Stab(i2)| " ^-^ '-'' 

where y ranges over W{M*,A*). Now n e Ng{S){L)'^'' C iVG(A)(F) = Ng{M){F). Hence 
^Q{n)nv^ = ipoiiT-') normalizes M* as well as T*, and thus conjugation by ipoln') takes i?^/. to 
another F-rational Borel subgroup of M* containing T*. Using this it is clear that (|11.12.4p is 
unchanged if the superscript ipo{n') is omitted, and this proves our claim. For the same reason 
(111.12. 3p is independent of the choice of P and B*, and similarly iA',A is independent of the choice 
of P and B*, and of the choice of i^""-rational ijjq e *a/. □ 

Now we give a normalized version of Definition 111.12.11 

Definition 11.12.5. Wc define the normalized transfer homomorphism t : Z{G*{F), J*) — > Z{G{F), J) 
to be the unique homomorphism making the following diagram commute 

Z{G*{F), J*) '- ^ 2{G{F), J) 

where the vertical arrows are the Bernstein isomorphisms. 

As was the case for t, the homomorphism t is independent of the choice of A and A*, and it is a 
completely canonical homomorphism. 

The following shows it is compatible with constant term homomorphisms. 

11.12.3. Normalized transfer homomorphisms and constant terms. We use the notation of ijll.lll 
Write L = CentG(AL) for some torus Al C A. Let L* = Cento* {A*j^,) for a subtorus A*^, C A*. 
Without loss of generality, we may assume that our inner twist G -^ G* restricts to give an inner 
twist L ^ L* . 

Proposition 11.12.6. In the above situation, the following diagram commutes: 
(11.12.5) Z{G*{F),J*) * y Z{G{F),J) 



Z{L*{F),Jl,) ^Z{L{F),Jl). 

Taking L — M , the diagram shows in order to compute t it is enough to compute it in the case where 
Gad is anisotropic. In that case if z £ Z{G*{F), J*), the function t(z) is given by integrating z over 
the fibers of the Kottwitz homomorphism kq*{F). 
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Proof. The commutativity boils down to the fact that the quantities (|11.12.4p do not depend on the 
ambient group G. D 

Remark 11.12.7. The final sentence in Proposition 111 . 1??B1 is the key to explicit computation of 
t{z) given z, and is illustrated in subsection 17.3.31 This final sentence was incorrectly asserted to 
hold for the unnormalized transfer homomorphisms (for special maximal parahoric Hecke algebras) 
in Prop. 12.3.1 of [HRo] . 
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